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Abstract 

We use a Kaluza-Klein reduction to compute the low-energy effective action 
for the massless modes of a spacetime-filling D6-brane wrapped on a special La- 
grangian 3-cycle of a type IIA Calabi-Yau orientifold. The modifications to the 
characteristic data of the N = 1 bulk orientifold theory in the presence of a D6- 
brane are analysed by studying the underlying Type IIA supergravity coupled to 
the brane worldvolume in the democratic formulation and performing a detailed 
dualisation procedure. The N = 1 chiral coordinates are found to be in agreement 
with expectations from mirror symmetry. We work out the Kiihler potential for 
the chiral superfields as well as the gauge kinetic functions for the bulk and the 
brane gauge multiplets including the kinetic mixing between the two. The scalar 
potential resulting from the dualisation procedure can be formally interpreted in 
terms of a superpotential. Finally, the gauging of the Peccei-Quinn shift symme- 
tries of the complex structure multiplets reproduces the D-term potential enforcing 
the calibration condition for special Lagrangian 3-cycles. 
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1 Introduction 

A large class of phenomenologically attractive string theory vacua has been constructed 
by compactifying type II string theory with D-branes on Calabi-Yau manifolds or ori- 
entifolds thereof. Intersecting D-branes are particularly appealing for model building 
purposes because the open strings ending on them lead to a low-energy effective theory 
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with a gauge group in which the Standard Model gauge group can be easily embed- 
ded. Hidden sector D-branes separated from the Standard Model stacks and instantonic 
D-branes can induce potentials suitable to stabilize moduli fields. A summary of the 
developments and literature centered around spacetime-filling and Euclidean branes can 
be found e.g. in [JUS]. 

Models of the above type consist of stacks of D-branes placed in a background which 
is a product of Minkowski space with a compact Calabi-Yau orientifold. Closed strings 
propagating in the bulk space give rise to a gravitational multiplet as well as a set of 
abelian vector multiplets and chiral moduli multiplets. The open strings ending on stacks 
of D-branes lead to non-abelian vector multiplets and charged chiral matter. For non- 
rigid D-branes additional uncharged moduli parametrizing the brane deformations and 
Wilson lines of the gauge field appear. 

The phenomenologically most promising models involve D-branes respecting the M = 
1 supersymmetry of the orientifold bulk. In a realistic theory this supersymmetry, which 
is unbroken at the compactification scale, must be spontaneously broken at a lower en- 
ergy scale. The specific form of the F- and D-term potentials inducing this spontaneous 
SUSY breaking must be determined from a reduction of the action. Apart from their 
relevance for supersymmetry breaking such potentials are also necessary to stabilize the 
many massless moduli fields arising in a typical string theory compactification. One way 
to obtain such potentials in the effective theory is to allow for non-vanishing background 
fluxes of the bulk fields. Supersymmetry breaking in the bulk sector is then transferred to 
the visible sector through couplings of the bulk and brane fields. Such flux compactifica- 
tions have received widespread interest in the last few years, and the many developments 
in this field are reviewed for example in [HE]. 

In order to determine the precise form of the soft supersymmetry breaking terms 
one needs to compute the low-energy action of D-branes encoding these couplings. This 
task has been carried out for D3-, D5- and D7-branes in type IIB orientifolds in [9HT3]. 
However, to our knowledge a complete reduction of of the D6-brane action has not yet 
been carried out. This note aims to fill this gap in the literature. For simplicity we 
will focus on a single brane, although many of the results can be carried over without 
problems to the non-abelian case. Rather than consider an explicit model we will compute 
the effective four- dimensional theory in terms of the intersection numbers and geometric 
data of a general orientifold. This will be accomplished via a Kaluza-Klein reduction of 
the Dirac-Born-Infeld (DBI) and Chern-Simons (CS) brane actions describing the brane 
dynamics at leading order in a' and the string coupling. We will only compute the 
bosonic part of the action; this suffices to completely determine also the fermionic part 
due to Af = 1 supersymmetry. 

The superpotential induced by introducing closed string fluxes in a type IIA orientifold 
compactification has already been evaluated in ref. [Hj. As the D-branes couple directly 
to the potentials rather than the field strengths of the closed string fields this computation 
is not modified by the addition of a D6-brane (see [H] for an example of this). For this 
reason we will not consider turning on bulk background fluxes in this paper. However, 
we will include spacetime 3-forms in the Kaluza-Klein reduction of the string fields. 
These fields are non-dynamical in the four-dimensional effective theory and are dual to 
constants. As we will see, upon dualization there appears a superpotential which forces 
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these additional parameters to be zero (see also [13HT5] ) . 

The outline of the paper is as follows. In section [2] we briefly review the compactifica- 
tion of type IIA string theory on a Calabi-Yau orientifold. We mainly follow [14], but we 
use the democratic formulation [16] of the type IIA supergravity. In this formulation one 
includes in addition to the usual Ramond-Ramond p-form fields their magnetic 

duals and and eliminates the additional degrees of freedom by imposing suitable 
duality relations at the level of the equations of motion. This formulation facilitates the 
inclusion of D-branes into the theory as their magnetic couplings to the RR forms can 
be written explicitly in terms of and C^. 

The contribution of the D6-brane is discussed in section [3J In sections 13.11 and 13.21 we 
discuss the geometric conditions imposed by supersymmetry upon embedding the brane 
as well as their implications for the massless spectrum of the brane theory. These su- 
persymmetry conditions depend on the bulk moduli so that the bulk and brane moduli 
spaces are intrinsically intertwined. The combined open-closed moduli space is best de- 
scribed using the concept of relative cohomology [T7j. However, this abstract formulation 
makes it difficult to explicitly perform the dimensional reduction of the action. We there- 
fore work out the action in the limit of small fluctuations around a chosen background 
value of the moduli. In this approximation the moduli space can be treated as a product 
of separate brane and bulk moduli spaces. In sections 13.3.11 and 13.3.21 we perform the 
dimensional reduction of the DBI and CS actions. 

In section 0] we combine the bulk and brane contributions to the four- dimensional 
action and recast this action in the canonical form of an M = 1 supergravity. The 
dualization procedure to remove the redundant degrees of freedom introduced in the 
democratic formulation is performed in section I4TT1 In section |4.2. II we discuss the gauge 
kinetic function for the bulk and the brane gauge multiplets. This allows us to determine 
the M = 1 chiral coordinates. In particular, we find that the open string moduli correct 
the definition of the superfields associated with the complex structure moduli, but not 
the ones associated with the Kahler moduli, in agreement with expectations from mirror 
symmetry. Furthermore we find that generically the brane and the bulk gauge fields 
undergo kinetic mixing in the sense that the gauge kinetic function is not block- diagonal. 
In section 14.2.21 we work out the Kahler potential in the abovementioned approximation 
that the bulk and the brane moduli spaces form a direct product as appropriate for small 
fluctuations around a supersymmetric configuration. The scalar potential arising from 
the dualisation procedure can formally be understood, as observed in section I4.2.3[ in 
terms of a superpotential which we discuss. Consistently the gauging of the Peccei-Quinn 
symmetry enjoyed by the complex structure moduli reproduces the well-known D-term 
potential incorporating the special Lagrangian calibration conditions. A summary of our 
main findings is given in section 

2 Type IIA on Calabi-Yau Orientifolds 

We begin this paper by giving a brief review of the compactification of type IIA string the- 
ory on a Calabi-Yau orientifold. In section 12.11 we determine the massless 4-dimensional 
spectrum of type IIA supergravity in the democratic formulation of [16J. In section 12721 
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we integrate out the internal space to obtain the effective 4- dimensional theory. The 
reduction of the curvature scalar is carried out in detail in appendix [A] 

2.1 The massless spectrum 

The setup we are considering involves a D6-Brane wrapped on a 3-cycle of a type IIA 
Calabi-Yau orientifold. The M = 2 supersymmetric spectrum of type IIA string theory 
is modded out to Af = 1 by requiring ( — 1) Fl Q p <j to be a symmetry, as detailed in [T4] . 
Here Fl is the left-moving spacetime fermion number, Q p is the worldsheet parity while 
a is an involution of the Calabi-Yau manifold Y which acts by pullback on the fields of 
our effective theory. 

One can show that in order to preserve M = 1 supersymmetry the involution a must be 
antiholomorphic and isometric [18], i.e. the Kahler form of the Calabi-Yau three- fold Y 
must transform according to 

a*J=-J. (2.1) 

Due to the antiholomorphicity of a the pullback of the holomorphic (3,0)-form Q of Y 
must be some multiple of f2, and the compatibility of the pullback with the Calabi-Yau 
condition fl A f2 oc J A J A J implies 

39e[0,2n): a*Q = e 2W Q. (2.2) 

Note that the holomorphic (3,0)-form Q on a Calabi-Yau manifold is not uniquely defined 
by the properties listed above. Instead, one has the freedom to rescale by e h ^ with an 
arbitrary holomorphic function h on the complex structure moduli space. The phase 9 
is determined by the choice of phase for Q, as a rescaling Q — > e ltf Q, changes 9 — > 9 + (p. 
However, once one has fixed a particular value of 9 in this manner this rescaling freedom 
is reduced to a real rescaling by e Re ^ z ^ on an J\f = 1 orientifold by the condition (12. 2p . 

At the fixed point locus of a we include an 06 orientifold plane to cancel the RR- 
charge and tension of the D6-branes in order to eliminate RR and gravitational anoma- 
lies. The above conditions imply that the cycle wrapped by this 06-plane is a special 
Lagrangian cycle calibrated with respect to the form ~Re(e l0 Q). As the orientifold planes 
do not introduce any additional degrees of freedom and their action is identical to that 
of a D6-brane after setting the world-volume fields to zero we do not need to treat this 
object separately. 

The massless bosonic part of the closed string spectrum of type IIA supergravity con- 
tains the metric, dilaton and antisymmetric two-form from the NS-NS sector of the 
theory, as well as the p-form fields , p = 1 , 3 from the RR-sector. In the democratic 
formulation we will use additionally the dual form fields C^ 7 \ where the additional 
degrees of freedom introduced in this way are eliminated by imposing a set of duality 
relations at the level of the equations of motion. This will be helpful as the Chern-Simons 
action is best expressed using all the forms C^ p \ p = 1, 3, 5, 7. The duality relations to 
be imposed are P^|ITU] 

G (6) = _* loG (4) ; G (8) = #loG (2) 5 

q(2) := dCW, G {p) := dC (p - 1} - dS (2) AC {p - 3 \ (2.3) 
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modulo forms that are exact on Y and do not contribute to the 4d action. 
We take a block-diagonal ansatz for the metric 

g = ri^W ® dx» + g mn dy m ® dy n . (2.4) 

Hence our Laplacian splits as Aio = A4 + Ay and the massless 4d fields correspond to 
harmonic forms on Y so we expand our fields into the different nontrivial cohomology 
groups HM(Y) on Y. 

Note that in the presence of objects with non-vanishing tension such as D-branes 
and orientifold planes the ansatz taken in (12 .4p is actually not a solution of the Einstein 
equations. In a consistent compactification one should rather take a warped metric 
ansatz of the form g = A -1 (?/)77 + A(y)g. Equation ( 12. 4p is actually to be read as an 
approximation to this warped metric, which is valid in the limit of large radius where the 
warp factor varies slowly over the internal space. 

As M = 2 supersymmetry requires the compactification manifold to remain a Calabi- 
Yau space only such variataions of the internal metric are allowed which respect this 
condition. In particular, the variations 8gij are restricted by the requirement that the 
resulting manifold remains Ricci-flat. This leads to the Lichnerowicz equation for the 
deformations, and as is well-known the solutions of this equation split into two classes, 
the deformations of the Kahler structure and the complex structure [20J. 
The requirement of Ricci-flatness implies that the variations of the mixed holomorphic 
and antiholomorphic components of the string frame metric form the components of a 
harmonic form. Hence they can be identified as the variations of the Kahler structure of 
the manifold and may be expanded into a basis {coa} of H^^^Y) as 

5 gfj = -iSJij = -iv A (u A ) fj . (2.5) 

The variations of the purely holomorphic or purely antiholomorphic components of the 
string frame metric in such a Calabi-Yau compactification are described by a set of /i^ 2 ' 1 ) 
complex scalar moduli fields z K and can be related to a basis of (2,l)-forms xk via 

5913 = m^^ l (XK) k i]Z K . (2.6) 

The Lichnerowicz equation is exactly the requirement that the set of functions {xK)kfj 
are the coefficients of a harmonic differential form. As the deformed manifold should still 
be Calabi-Yau and in particular Kahler there must exist a complex coordinate system 
in which these pure components of the deformed metric vanish. In this sense these 
variations can be identified with a variation of the complex structure on the underlying 
real manifold. This in turn can be identified with the variation of the (3,0) form Q. The 
forms xk are related to the variation of Q via Kodaira's formula 

X k(z) = 8 z kQ(z) + n(z)d z KK cs , (2.7) 

where Kqs is the Kahler potential defined in (12.251) . 

To implement the orientifold projection including the action of the pullback of a it 
is helpful to split the cohomology spaces further into eigenspaces of a. As a is antiholo- 
morphic, the spaces that are left invariant are H t 1 ' 1 ' , H^ 2 ' 2 ' and H 3 , and we can split 
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these into spaces consisting of forms with even or odd parity under pullback along a |14j . 
Finally we note that the volume form on Y is proportional to J A J A J and is therefore 
odd under a*. As the Hodge star involves contraction with the volume form, we see 
that it maps even forms to odd ones and vice versa, i.e. it induces an isomorphism from 

fl 1") (2 2) 

H^' to W_' z > etc.. In summary, following the notation of [2] the forms used in the 
Kaluza-Klein reduction of our fields are given in table 12.11 



cohomology group 






#(2,2) 


#(2,2) 


Hi 


H 3 _ 


dimension 










h (2,D + l 




real basis 






U a 




a k 





Table 2.1: Cohomology groups and their bases. 



The basis elements are chosen to satisfy 

J Y a k A/3 L = l^, 
where we introduced the string length 



a,be{l,...,h£'\ (2.8) 

K,Le{l,...,h^ + l}, 



l s = 2vrvV. (2.9) 

We are now ready to perform the Kaluza-Klein reduction to obtain the massless effec- 
tive 4-dimensional fields. To do this, we note that under (— 1) Fl £I p the forms C^ p \ p = 3, 7 
as well as the metric and dilaton are even, while and C^ p \ p = 1,5 are odd. The 
resulting expansions of the fields read 

c {1) = o, c (3) = c (3 ) + rA U(t + f%, 

= c a {z) Auj a + U a Au a + P{2)k Ap k ) C^=d {3)a Au a , 
B® = b a u a , J = v a u a , (2.10) 

where in the last assertion the property 12.11 for J was used. Note that we have included 
three-forms on R 1,3 although they do not represent dynamical degrees of freedom as 
they are dual to constants which appear in the scalar potential of the resulting action 
(see e.g. refs. [IUE3)- Finally, in addition to the odd B-field moduli b a , the periodic 
shift symmetry of B^ implies that one can consider a discrete B-field along elements of 

B { ^=b a uj a , b a = or -. (2.11) 

This parallels the situation in Type IIB orientifolds. 

We still have to take into account the effect of the orientifold projection on the 
complex structure moduli space following ref. [14J. Expanding Q into the basis of three- 
forms above, 

Q(z) =Z k a k -F k (3 k , (2.12) 
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and inserting it into (12. 2p we obtain the condition^ 

lm{e' i0 Z k ) = 0, Re(e- ie J» = 0. (2.13) 

The two conditions are not independent because via Kodaira's formula one set of periods 
(e.g. the Tfr) can be shown to be a function of the other ones. In fact the are given 
by the derivatives of a holomorphic prepotential which is a function of the Z K [20]. In 
other words, the moduli space of complex structure deformations of a Calabi-Yau space 
is a special Kahler manifold. Hence we take the first condition in ( 12.131) as a constraint 
on the allowed z K , and the second condition in (12.131) is to be read as a constraint on 
the periods of Y. This is a constraint on the prepotential which must be fulfilled for Y 
to admit an antiholomorphic involution satisfying (12. 2p . 

We may use the phase of the complex rescaling freedom to set one of the Im(e" tfl Z K ) 
to zero. Then the first constraint in (12. 13[) gives us h^ 2 ' 1 ^ real equations allowing us to 
eliminate exactly half of the degrees of freedom of the original ftA 2 ' 1 ) complex fields z K . 
With the help of Kodaira's formula it is possible to show that the surviving degrees of 
freedom can be identified with the real or imaginary parts of the original complex fields 
(which were defined by (12.61) ). and that the Af = 1 complex structure moduli space spans a 
Lagrangian submanifold of the corresponding M = 2 moduli space [2] . Local coordinates 
for Ai^f =1 are given by a set of real fields q K such that for each K e { 1, . . . , hP"* 1 ' } there 
holds either 

q K = z K or iq K = z K . (2.14) 



2.2 The effective bulk action 

We are now ready to determine the effective 4d bulk action by inserting the expan- 
sions of the fields from (12.101) into the democratic form of the (bosonic part of the) IIA 
supergravity pseudo-action in the string frame as given in refs. [i~6l[T9] . 



S ifl = ~n~2~ / e-^(d 1( W- det g (-R) + 4d0 A * 10 d</>) 
2^io Jn^xY 



8k 2 



10 •/R 1 ' 3 xY 



I 2e- 2(f) H A* 10 H + GiP) 

V P=2,4,6,8 



A * W G {P) . (2.15) 



Here R is the (10D) curvature scalar, H = dB^ 2 \ k\ q = is the ten-dimensional 
gravitational coupling constant with l s = 2n\foi' the string length, while is defined 
in (I2.3p . In these conventions the coefficient functions §mni B^ n , 0$ m etc. of all 
the fields are dimensionless, which means that the field strengths have a dimension of 



1 In fact, we can be more general. E.g. by mirror symmetry with Type IIB theory, which maps the 
Type IIB Kahler moduli to the periods Uk = Zk/Zq, it is clear that the latter enjoy a shift symmetry. 
Just as the shift symmetry of the Kahler moduli allows for the discrete B + -field as in (|2.11l) in agreement 
with the orientifold involution, there is a Z2 freedom Im([/R-) = or 1/2 (for 8 = 0). See [21] for more 
details. 
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inverse length. 

We could now insert Lagrangian multipliers to implement the relations of (12. 3 j) and 
integrate out the redundant fields (see e.g. [15j EH 1221 [23]). This would give us the low- 
energy effective bulk action as computed in [14J. However, as additional couplings of 
the fields will arise from the Chern-Simons action of the D6-branes, we postpone this 
procedure until we have the full pseudo-action. 

Now we expand the ten-dimensional curvature scalar using the Kahler structure and 
complex structure moduli [2D] and perform a Weyl-rescaling of the metric to the Einstein- 
frame 

9mn -»■ e^guN- (2-16) 

Under a general rescaling g — > Q~ 2 g of the metric in D dimensions the transformation of 
the curvature scalar term is 124,25 



^det g n D ~ 2 Vdet g (R + (D - 1)(D - 2){d ll log ft) 2 ). (2.17) 



Finally, under (I2.16P the Hodge star of a p-form A transforms as * 10 A — > *io A. 

Next we insert the expansions of the fields and perform the integration over the 
internal space as in [TniClHEHEH] • The reduction of the curvature scalar is performed in 
more detail in appendix [A] Finally we rescale the 4D metric as 

I 6 

Vv» (2-18) 

Vy 

where Vy is the volume of the internal Calabi-Yau manifold Y (in the Einstein frame) 
and we use equation ( 12. 17ft as well as the relation between the 4d and lOd gravitational 
coupling constants \ — -£-. The resulting 4d low energy effective action is 



S 



(4) i_ 

2^4 Jr. 1 3 



R * 4 1 + ^d(p A * 4 d</> + 2G KL dq K A * 4 dq L 



+2 I G ab + V^i^ ) dv a A * 4 dv b + 2e^G ab db a A * 4 db b 



4 K? 

+ 96 e '^ Gab ( dd(3)a ~ /Cocrfd6C A ^ A * 4 ( dd(3)b ~ KbefdbC A 
+ (j) e~^G ab (d~c« - db a A c 3 ) A * 4 (del ~ db b A eg) 

+ ^ e " f G ^ ( dU « ~ K aa pdb a A V?) A * 4 (dUp - JC b ^db b A V*) 

3 

+^e-^dp (2) £ A * 4 dp (2) z + — e iA kl dt k A * 4 d^ 

etdc 3 A* 4 dc3 + : |e^^dK a A*4d^ 3 . (2.19) 



S 



In the above we have used the (dimensionless) triple intersection numbers of the Calabi- 
Yau manifold Yd 

ICabc = ^ J uj a Auj b Au c (2.20) 

as well as their contractions with the Einstein-frame Kahler form (which differs by the 
conformal factor from the string frame version used in (12.101) : Je = J s je~^)- Note that 
since the volume form is odd under a* only integrals over odd 6-forms can be nonvanishing 
and hence the nonvanishing contractions are 

K — je f Y Je A Je A Je-, — js j Y u a A Je A Je, 

K-ab = js J Y A u b A J E , JC a p = -je J Y u a A up A J E , (2.21) 

fcafia = JS J Y U a A Up A UJ a , JC a b c = Jg J Y u a A U b A U c . 

With these abbreviations we may write 

U) a A UJ b = JC a b c UJ C , LU a Auj a = ICaapOJ 13 , UJ a A Up = K, aa pU) a . (2.22) 

From now on we will only use the Einstein-frame Kahler form and omit the index (note 
that the fields appearing in ( 12 . 1 9f) are already the Einstein-frame fields as they were 
extracted from the curvature scalar after the rescaling of the metric, i.e. with the Einstein- 
frame curvature). JC is proportional to the volume of Y measured in units of I®:, 

K, = ^Vy. (2.23) 
11 

The metric on the M = 1 moduli space of complex structure deformations is the 
restriction of the M = 2 metric to a Lagrangian submanifold of the M = 2 moduli space. 
Before orient if olding the complex structure moduli span a quaternionic Kahler manifold 
with a Kahler potential given by [1] 



K cs = -\og{^ I QAQ). (2.24) 



Y 



The M = 1 complex structure moduli space is not necessarily a complex manifold so in 
this sense we cannot really call the metric on it Kahler, but it is still given by the Hessian 

ACS 



matrix of Kcs restricted to Ai? s 



J Y Xk A Xl (P_ 

JyttAtt ~ dq K dq 1 



Gkl = - JY r A * . A = ^wrfei?). (2.25) 



We have also defined the metric 

Gab = Wy J u A A *,u B = — J u A A H u B = -- - -_) , (2.26) 



2 The indices A, £? stand for either for a, G {1, . . . , or for a, /3 € {1, . . . , 
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while G denotes the inverse matrix. As we will show the moduli space of Kahler 
structure deformations is again a Kahler manifold spanned by the fields t a = B a + ie^v a 
with metric e~^G a b and Kahler potential [20J 

K KS = -\og(^e^K). (2.27) 

We have also used the identity 

U aAAt * B= & A °- (2 ' 28) 

which follows immediately from (I2.8p . 

Finally, the kinetic terms of the scalars £ and their dual 2-forms have the prefactors 

A kt = ±Ja & * H a L , A kL = {A^) kL = i jf 0* A H (3 L . (2.29) 

They fulfill * 6 a k = A kL fi l . 

3 The D6-brane Action 

We now add a D6-brane to the theory in such a way that the M = 1 supersymmetry 
of the bulk theory remains unbroken. The restrictions imposed by this requirement are 
discussed in section 13.11 In section 13.21 we discuss the massless moduli space of the 
brane and its relation to the moduli controlling the complex and Kahler structures of 
the ambient space. Using the formulae for pullbacks to the brane world-volume derived 
in appendix [B] we then proceed to integrate out the internal cycle wrapped by the brane 
in the Dirac-Born-Infeld and Chern-Simons actions. Finally, in section 13.3.31 the tadpole 
cancellation conditions on the cycles wrapped by the brane and orientifold plane are 
briefly reviewed for completeness. 

3.1 Super symmetric cycles and calibration conditions 

In addition to the action describing the low-energy dynamics of the closed string sector 
derived in the previous section we would like to include open string fields by allowing for 
a D6 brane in such a way that the M = 1 supersymmetry of the bulk orientifold theory 
is preserved. The easiest way to describe this brane on the orientifold background is to 
consider first a brane wrapped on a cycle n of the Calabi-Yau manifold Y and add a 
mirror brane, wrapped on the mirror cycle W = c^Uo- For the Poincare-dual 3-forms 
7T , 7Tq of these cycles the fact that the volume form of Y is odd under a* then implies 
that 7Tq = — cr*7r . We can expand these forms into the basis of 3-forms defined in 12.11 as 

n = 7TQa k + 7i oL (3 L ; 7r' = -7r* ag + tt l /3 l . (3.1) 
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The forms describing the branes and mirror branes together are ir± = \{kq ± 7Tq)lj with 

n_ = n k a« = -K 0k a k: n + = n + «(3 k = ^(3*. (3.2) 

For simplicity we assume that there are no fixed points under a on the cycle n , as 
this would result in the appearance of additional twisted massless states [25]. In this 
case the low energy dynamics of the open strings ending on a stack of iV branes can be 
described by a U(N) Yang-Mills gauge theory on the world volume, involving a one-form 
gauge field A as well as a set of scalar fields in the adjoint representation. As we are only 
considering the abelian case of a single brane the scalars are not charged with respect to 
the gauge field. These scalars have a direct geometrical interpretation in that they are 
the moduli describing possible fluctuations of the brane in the directions normal to its 
world-volume. The Kaluza-Klein reduction of the massless modes of the gauge boson can 
be carried out in a manner similar to the bulk fields, i.e. by expanding it into harmonics 
on Il + and then projecting out some of the resulting degrees of freedom by the orientifold 
action. However, finding a suitable description for the second type of moduli describing 
the fluctuations of the brane turns out to be much less straightforward. This is because 
the requirement that the brane should preserve A/" = 1 supersymmetry imposes several 
restrictions on the possible allowed fluctuations of the brane, which we will now discuss. 

As is well-known these constraints arise from the fact that the new fermionic fields 
introduced by the open strings ending on the brane are not necessarily invariant under 
an infinitesimal supersymmetry variation induced by one of the two SUSY generators 
that are left unbroken by compactification on a Calabi-Yau manifold. However, under 
certain conditions the additional kappa symmetry of the worldsheet action may be used 
to cancel the fermion variation induced by a certain linear combination of the original 
SUSY generators. This linear combination is then the generator of the unbroken M = 1 
supersymmetry in 4 dimensions. 

It can be shown that for a pair of D6 branes wrapped on a cycle n + the supersymmetry 
condition is that n + is a special Lagrangian (sLag) manifold calibrated by e l*Q together 
with a certain condition on the gauge flux [27-29] . After rescaling to the Einstein frame 
the calibration conditions read 

i*(e$J) = 0, e^ Kas - K * s h*n = e*e&dvol\B, l*B™ - ^-F\ n+ = 0. (3.3) 

F is the field strength of the U(l) gauge field on the brane world- volume and the notation 
F|n + denotes the internal part of F, while Kqs and Kks were defined in (12. 24ft and ( 12.271) . 
respectively. Note that the second calibration condition is scale invariant as a rescaling 
of Q — > e~ Re h Q is exactly compensated by the resulting shift of the Kahler potential 
Kcs ~~ ^ Kcs + 2Re h. The phase 9 parametrizes which of the original supersymmetry 
generators is left unbroken by adding this brane and flux configuration. In the orientifold 
theory that we are considering this phase is not arbitrary, as the operation of orientifolding 
itself breaks the supersymmetry from Af = 2 to Af = 1. To ensure that both operations 
leave the same supersymmetry unbroken the sLag cycles wrapped by the branes must be 

3 The inclusion of the factor ^ into this definition means that we will not have to divide by 2 when 
computing the DBI and CS actions for the brane/image brane pair. 
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calibrated with respect to the same form as the sLag cycle of the 06 orientifold plane 
at the fixed point locus of the orientifold involution a, i.e. the 0's of equations (13.31) and 
(12. 2 p must be equal. 

The D6-brane may carry gauge flux / arising as the vacuum expectation value of the 
field strength, 

F = f + dA. (3.4) 

To preserve Lorentz invariance of the 4D theory these background fluxes must be forms 
on the internal part of the world- volume, i.e. the cycle n + . Note that as we are restricting 
ourselves to the massless modes of the gauge field dA contains no internal two-forms, so 
we actually have F\u+ — f ■ By the Freed-Witten anomaly cancellation condition [30] 
the gauge flux / must be quantised according to 

J^ + ^ 2 (n + )Gtf 2 (n + ,z). (3.5) 

Here (n + ) denotes the second Stieffel- Whitney class of H+, which vanishes for sLags 
on a Calabi-Yau 3- fold due to triviality of the normal bundle [31]. Hence -^-f must be 
integer quantised. Supersymmetric fluxes are furthermore subject to the third condition 
in eq. (13. 3p . by which the pullback of the £>( 2 )-field must cancel the gauge flux. Integrality 

(2) 

of / thus precludes the possibility of switching on discrete B + -field along the D6-brane, 

v *Bf = 0. (3.6) 

Furthermore the supersymmetric flux must be writable as the pullback of forms defined 
globally on Y: f = f a i*u a . This allows us to combine the flux components with the bulk 
field into 

B = B a (x) u a = (b a (x) - 2-f a ) u a . (3.7) 
In the supersymmetric vacuum the calibration condition then enforces l*B = 0. 



3.2 The open string moduli 

Next we turn to the restrictions these calibration conditions impose on the M = 1 moduli 
space Aij^=i. The position in the ambient Calabi-Yau manifold of the fluctuating brane 
can be described at least for small fluctuations by normal vector fields on the world- 
volume 

W = R 1 ' 3 x n+ (3.8) 

via the exponential map. Let $ : W — > TU + be a normal vector field such that the 
position of the displaced brane is given by W$ = {exp.j.Qo) = exp p ($(p)); p 6 W}. This 
exponential map is described in more detail in appendix [Bj To obtain a supersymmetric 
theory we must allow only such fluctuations that respect the calibration conditions (13. 3p 
with i replaced by exp^. Clearly, this space of allowed deformations then depends on the 
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bulk moduli through the calibration conditions. In other words, the true moduli space 
M.m=i does not have a simple product structure, 

Mm=i + Mbuik x M brane • 

(3.9) 

The combined bulk and brane moduli space can be described mathematically with the 
help of the concept of relative cohomology and the variation of relative Hodge structures 
[TT t l3"2 | l3"3"]. However, this abstract formulation makes it difficult to explicitly perform 
the dimensional reduction of the action. In the limit of small fluctuations 5v a , 5B a etc. 
around a background value and small deformations of the brane we can approximate the 
moduli space by the product of eq. (13. 9p . Here we will follow the approach taken in 
refs. [T0~|IT3"] in the IIB case by computing this approximation to the effective action and 
then attempting to find a corresponding Kahler potential. One could then try to use 
more advanced techniques to extrapolate this result to a Kahler potential on the true 
moduli space which reduces to our result in the limit of small fluctuations. However, this 
is beyond the scope of this note and will not be pursued here. 

Let us therefore choose a definite reference point on the relevant part of the bulk 
moduli space given by Jo, Bq and VL$ and impose the calibration condition (I3.3P in terms 
of these fields. In particular this means that we require the brane displacements to 
respect the sLag conditions with respect to these background values of the Kahler and 
holomorphic 3-forms, i.e. we are looking for the moduli space of sLag manifolds in a 
fixed background Calabi-Yau manifold. 

This moduli space has been shown by McLean to be a smooth (real) manifold, the 
dimension of which is given by the first Betti number of n + [34J. Let us recall the 
arguments: As we stated before, small deformations of the cycle may be described by 
normal vector fields using local tubular coordinates. By the vanishing of the Kahler 
form on n + (eq. I3.3[) . the complex structure restricted to NU + C TY maps the normal 
space isomorphically to TTI + . Using the induced metric we therefore also obtain an 
isomorphism to the cotangent space of n + . Concretely this isomorphism is simply given 
by the interior product of the normal vector field with the Kahler form. Finally, the 
conditions of eq. (13. 3p applied to the sLag manifold imply that the corresponding one- 
form on n + is both closed and co-closed and hence harmonic. This yields McLean's result 
quoted above (see also e.g. [3"5H3"5] for further details). 

The discussion above applies to deformations of sLag manifolds embedded in general 
Calabi-Yau manifolds. We must now also take into account the effect of the orientifold 
projection on the spectrum. As the worldsheet parity operation on the open strings 
flips the sign of the derivatives tangent to the brane while leaving those normal to the 
brane invariant [39J, we deduce that the normal vector fields describing the fluctuations 
of the brane in an orientifold must have even parity under pushforward along a. This 
also makes sense geometrically, as viewed in the original CY manifold brane and image 
brane should fluctuate in unison. Due to the negative parity of the Kahler form this 
implies that the one-forms associated with the allowed fluctuations have negative parity 
under a*, as they are constructed by contracting the Kahler form with the corresponding 
normal vector. 

Let us choose a basis A 1 , 1 = 1,..., b^(U + ), of the space of negative parity harmonic 
one-forms on n + and the corresponding sections of the normal bundle s 1 satisfying 

A 1 = L*(eU sI J ), / = !,..., &T(n+). (3.10) 
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As we have just shown we can expand the normal vector describing the sLag deformations 
of the brane into this basis as 

$ = $j(x, C) s 1 resp. in coordinates $ m = () (s 7 ) m . (3-H) 

Here x and ( denote coordinates along R 1,3 and 11+ respectively, and the index m labels 
the coordinates y m normal to the brane. 

In the course of the Kaluza-Klein reduction of the action we then drop the dependence 
of the scalar fields $ on the internal coordinates, so the deformation moduli of the brane 
contribute the set 1 = 1,..., frf (11+) of real scalar fields to the effective theory. 

In exactly the same manner as for the Kahler form (explained e.g. in [35]) it is 
possible to use the other two calibration conditions to find further relations between the 
pullbacks of the bulk basis forms and the A 1 . For example, the condition exp*^ sJ Bq = 
for constants cj shows that the supersymmetric fluctuations must obey di*(i s iBo) = 0. 
This can actually also be seen directly using the pullback formula derived in appendix 
IB] which to second order gives 

= exp* /s j B = l*Bq + cidt*(i s iB ) + ciCjdi*(i s idi s jB ) + . . . (3.12) 

The unique harmonic representative of the cohomology class of L*(i s iBo) may then be 
expanded into the basis of harmonic forms introduced above, such that 

L*(i s ,B ) = dr 1 + M]A J (3.13) 

where the r 1 are functions on 11+ and the matrix Mj is real as both B and A 1 are real. 

The second set of fields introduced by the D6-brane come from the reduction of the 
abelian gauge boson A. This effective field enters the open-string interactions in which 
the vertex operators contain derivatives tangent to the brane. As explained above this 
requires the surviving fields in the orientifolded theory to have negative parity under 
pullback along a. This implies that we may expand it using the above basis as 

A{x,y) = yA{x)P.{y) + ya I {x)A\y), 

''S 

A(x) describes a 4-dimensional U(l) gauge boson, while the a/ are Wilson line moduli. 
We have extracted a factor of j- so that A^, ai and A^ are all dimensionless, while the 
factor of 7r has been chosen for later convenience. 

The fact that the deformation moduli and the Wilson line moduli are in 1-1 corre- 
spondence is no accident [4*0||4T]. Rather, we know that the resulting 4D theory must be 
an N = 1 supergravity, which in particular implies that the real moduli fields must pair 
up into complex fields representing the bosonic part of a chiral supermultiplet. We have 
already seen this in the case of the Kahler structure moduli which pair up with the fields 
from the reduction of the Kalb-Ramond field and parametrize the complexified Kahler 
cone. The fact that this must also work for the brane moduli and that the first Betti 
number of 11+ may be odd forces the deformation and Wilson line moduli to match up 



14 



in the manner described above. 

Note that this situation is quite different from the case of space-filling D-branes in a 
IIB theory. In that case the cycles wrapped by the branes are holomorphic submanifolds, 
and the Wilson line and deformation moduli are complex fields individually. In fact, 
for D7- and D5-branes they turn out to be correct chiral coordinates of the resulting 
supergravity theory, at least in the limit where they may be described independently of 
the complex structure deformations [rtJlfTB"] . 



3.3 The abelian world-volume action 

The low energy dynamics of the D6-brane in the abelian case are described in the string 
frame by the well known Dirac-Born-Infeld and Chern-Simons actions 



Sdbi = — A*6 / d 7 x 



det P$ (g*f + 5( 2 )) 



P - 
—F 
2tt 



(3.15) 



Scs = ^j w \P,\^C^e-^y^y ^ 6 = ^. (3.16) 

Here P$ is the pullback onto the fluctuating world-volume. We introduce local tubu- 
lar coordinates around the rest-position t : W 4 7 of the branes with a, b labelling 
directions along and n, m perpendicular to the branes. The position of the fluctuating 
brane in the transverse directions is then given by y m = |$ m . Note that the $ m are 
dimensionless as we have extracted a factor of l s . The terms of the pullbacks relevant 
for the reduction of these actions are computed in appendix [B] These actions form the 
effective Lagrangian describing open string interactions at leading order in derivatives 
and at tree level in the string coupling. 

Note that as always the Kalb-Ramond two-form field and the world-volume 
gauge field strength appear together such that a gauge transformation of the £?( 2 )-field 
may be canceled by a corresponding transformation of the gauge field [42] . The relative 
sign m 

5(2) _ k.p is the 

one consistent with the conventional sign choice of eq. (12.31) : 
it turns out that this sign will allow us to perform the dualization procedure consistentlyjj 



3.3.1 Reduction of the DBI action 

We are now ready to determine the 4-dimensional effective action resulting from the DBI 
action up to second order in derivatives by plugging the expressions for the pullbacks 
computed in appendix [B] into the action of equation (13.151) . In general, contractions, 
Hodge stars or volume forms are evaluated using the Einstein frame metric. If we use 
the string frame metric this will be indicated explicitly. 

4 We could just as well have used the convention + -^-F, however then we would have also had 
to define the field strengths as G<» := dC^ 1 ) + A C^ 3 ) 
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To obtain the action in terms of the moduli we expand the determinant up to second 
order in derivatives (or equivalently second order in the string length l s ) and fluctuations 
around the background values of the various moduli fields. To this end we define the 
matrix X by i*g s ^ + X — P$ (g s f + — and use the Taylor expansion of the 
determinant 



det{i*g s -f + X) = a/- det i*g"f 



1 + ~Tr((t* g^X) 



+ - [(Tr((,T / )~ 1 ^)) 2 - 2Tr((.*r / )" 1 ^) 2 ] 



(3.17) 



The result of inserting the explicit expressions for the pullbacks of the metric and the 
Kalb-Ramond field into the expansion of the determinant is given in the string frame by 



Sdbi = / d 7 xe 4 ' v 1 — det L*g s f 



l + hld^jd^jgis^s- 1 ) 



+h 2 s F^ + U^^j^gUsX^n 
+h%$ I d^jg ab (i sI B ) a (i s jB ) b + - A B ab B ah 
-jl 2 s d^a jg ab (i sI B ) a A J b + ±l%a I d»aj§ ab A I a A{ + ... 



(3.18) 



In the above we have dropped any terms with 3 or more factors of derivatives of the brane 
fields or fluctuations. As we have already explained, the action computed by treating the 
bulk and brane moduli separately only holds in the limiting case of small fluctuations 
and the expansion of the DBI action is valid for small derivatives of the brane fields. 
This has allowed us to replace B — > Bq in the terms already including two derivatives. 
The block diagonal form of the metric g allows us to write (cf. ( I2.18P for Weyl rescaling) 

d^v 7 - det i*g*f = ^e^dvollf A dvol|g + . (3.19) 

Our conventions will be that for p-forms r], A on either R 1 ' 3 or Il + there holds 

^...a^-^dvol = T) A*\. (3.20) 

Finally, one can use the relation (I3.10P and the fact that the complex structure squares 
to -1 to show that g s J m {s I ) n {s J ) m = e^^)^ A{A J h and 

{^) a \^r\^) ac {dA\ d = l(? , )*%[ a (* t )2(* J )fi- (3-21) 

Using the identities above and evaluating the integrals over the internal cycle we 
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obtain up to second order after rescaling to the Einstein frame 



°DBI — 



/ R i,3 



3 

—^l 2 s e~^n IJ (d$ 7 A * 4 d$j + da/ A * 4 daj 



+MjMf&§ L A * 4 d$E- - 2Mfd$ L A * 4 daj) 
+ l -l 2 s e~ iv u+ F A * 4 F + ^ e -iM ab B a B b * 4 1 + ^e^V u+ * 4 1 



(3.22) 



with the abbreviations 



Vn + = U dvoll^S L l^-^) e -^ e -\ . / OAf , 

U 13 = \ l A 1 A * n+ ^ 
' s ./ru 



■A4& = 7^ / i*w a A *n+i*Vb (3-23) 

and Mj defined in eq. (I3.13p . The Dirac-Born-Infeld action provides the kinetic terms 
for the world- volume gauge field as well as the Wilson line and transverse displacement 
moduli. Finally, the last two terms represent NS-NS tadpoles, which will be cancelled by 
the corresponding terms of the orientifold action as we will see in section 13.3.31 



3.3.2 Reduction of the Chern-Simons action 

The reduction of the Chern-Simons action from equation (I3.16P proceeds in a similar 
manner. The forms whose pullback to the world-volume appear in the action (I3.16P can 
all be written as oj A rj, where u is a differential form on 4d spacetime and 77 is a closed 
form on Y . For such forms, the pullback may be written as 

P$(cuAr}) = u A c*r)+ -l s U) A d$/ A L*i s ir)+ -^1 2 s oj A ($jd$,/) A L*(i s jdi s irj) 

+-l 2 s u A d$/ A d$j A L*(i s ji s ir)) + ... (3.24) 
8 

up to terms which vanish upon integration over the internal part of the world-volume. 
The derivation of this result is presented in appendix [Bl 

Using the considerations presented above and keeping only terms up to second order 
in l s we obtain the low-energy approximation to the Chern-Simons action encoding the 
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couplings of the massless 4- dimensional bulk and brane fields, 

Scs = M 3 / [M Ia + ^T aIJ $?j (dd (3)a - K abc dB b A cf 3) ) 



R 



X 



l -l s ^M Ia ^jlC abc B b - Ciaj + ^T aIJ K, abc ®i®jB b \ 
(dc c {3) - dB c A c (33 ) + h s (^M^Kab&j&B 1 - CiajB a 



+ l_ T aiJ KabcB i> BC ^\ dc(3) + lifr^F A F 

+\l s {l a Q Ijk ^i A daj - 1 -l s V{ jk B a d^ I A d$j 
-4f) A P{2)k + i/^ Ia *id^a A F 
+- A l 2 s V a A (^da 7 - K af)a M Ifi B a d$ I y ) A F 



(3.25) 



The abbreviations used in the above are 



M Ia = 


ij/n+ 


t*(vw°), 


.M /a = 


if Jn_ 


t*(vcD a ), 


C 1 = 

'-a 


if /n+ 


(i*u a ) A A 7 , 


£ J = 

a 


if Jn_ 


(i*w a ) A A 1 , 


— 


if/n+ 


i*(« s idi s j(D°), 


'J'alJ _ 


if Jn_ 


L*(i s idi s ju a ), 


QUk = 


lj/n+ 


(i*i s i(3 k ) A A J , 


-p/ JK 
'a 


if Jn+ 


L*(i s ji s l(P K Au a )) 



(3.26) 



Note that in the term V I a JK B a d$i A d$j we may replace B a — > as it is already of 
second order in derivatives. Then equations (13 . 13j) may be used to show that B^P I a JK = 
qilk m j _ QJLk M ^ Fina n y let us note for later use that n ok Q Ijk = 0. 

The Chern-Simons action includes terms potentially inducing kinetic mixing between 
the gauge fields of the brane and the bulk RR forms as well as a Stuckelberg mass term 
for the brane gauge field. However, we must still eliminate the additional degrees of 
freedom introduced in the form of and C^, so we postpone the discussion of the 
significance of these terms until this has been accomplished in section 14. 11 

A word of caution is in order concerning the objects C} a (and their counterparts 
Note that the 2-form t*uj a is a pullback from the ambient Calabi-Yau onto the brane, 
while the 1-form A 1 does clearly not arise by pullback from the ambient space. In 
general a wedge product between two such objects as in C} a can be non-zero. This is 
not in contradiction with known vanishing results which are valid in special geometric 
situations. For example, if we consider a holomorphic divisor in a Calabi-Yau 3-fold, then 
the wedge-product between a 2-form pulled back from the ambient space and a 2-form 
trivial on the ambient space is known to vanish, as discussed in detail in ^OlfTT] . 
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3.3.3 Tadpole cancellation 

It is well known that the appearance of R-R tadpoles in a string compactification leads 
to inconsistencies in the theory. From the Chern-Simons action one reads off that our 
D6-branes may act as sources of such tadpoles via the term f w C^ 7 \ One of the most 
important features of orientifold compactifications is the appearance of orientifold planes 
with negative charge and tension, which may cancel the tadpoles of the D-branes. The 
coupling of the orientifold plane to the closed string fields is described by a sum of a 
DBI-type and Chern-Simons-type action which are formally identical to those of the D6- 
branes after setting the world-volume fields to zero. The orientifold plane is located at the 
fixed point locus of the antiholomorphic involution a. In our case the supersymmetry 
conditions (12.11) . fl 2 . 2 [) imply that the theory involves an 06-plane wrapped around a 
special Lagrangian 3-cycle oo% of Y, i.e. with world- volume given by £o6 = R^ 1 ' 3 ) x aoe- 
It has been shown that the charge and tension of O^-planes is -4 times that of a D6- 
brane [15] . Hence the RR tadpole cancellation condition reads 

/ C (7) - 2 f C (7) = 0. (3.27) 

JW JT.06 

This yields the restriction that the sum of the homology classes of the brane and orien- 
tifold plane (weighted with the appropriate factor) must cancel [3J|4] 

[n] + [IT] - 4 [job] = 0. (3.28) 

In the following we will assume that Y and the involution a have been chosen appropri- 
ately such that this condition is satisfied. 

In addition to the R-R tadpoles, also tadpoles for the NS-NS fields may occur. In 
contrast to the case just discussed such NS-NS tadpoles do not in general render the 
theory inconsistent [441145]. They signify that the background one has chosen to expand 
the theory around is not a proper solution of the ten-dimensional equations of motion. 
In the effective action such tadpoles appear as scalar potentials for these scalar fields 
potentially inducing an instability of the vacuum. In section 13.3.11 we saw that the DBI 
action of the D6-brane introduces tadpoles for the dilaton and the Kalb-Ramond field B. 
The Dirac-Born-Infeld part of the orientifold action is given in the string frame by 

Soe = 4/i 6 / d 7 x e-tyj- det L*(g + B<V). (3.29) 

By the Ramond-Ramond tadpole cancellation condition this exactly cancels the last two 
terms of the brane DBI action of equation ( 13.22(1 . so we will drop these terms in the 
following. 

4 The J\f = 1 characteristic data 

After adding up the contributions of bulk and brane to the 4d action we must eliminate 
the additional degrees of freedom introduced by using the democratic formulation of su- 
pergravity. This procedure is carried out in section 14.11 Having obtained the action in 
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terms of only propagating degrees of freedom we then recast it in the standard form of 
J\f = 1 supergravity to extract the characteristic data of the theory. Sections 14.2.11 and 
14.2.21 are devoted to finding the gauge kinetic functions, the bosonic parts of the chiral 
multiplets and the Kahler potential of the theory, respectively. The Green-Schwarz mech- 
anism induces the gauging of an axionic Peccei-Quinn shift symmetry and the resulting 
D-term potential is discussed in section 14.2.31 It is also shown that the dualization of 
the auxiliary spacetime 3-forms introduced in the democratic formulation leads to a su- 
perpotential, similar in form to the flux superpotential due to RR 1- and 3-form fluxes, 
that depends on the dualisation scalars and forces them to be set to zero. 



4.1 Eliminating the additional degrees of freedom 

Having determined the entire pseudo-action of the theory we are now in a position to 
integrate out the redundant fields and obtain a true action for the physical fields. This is 
accomplished by introducing Lagrangian multiplier terms in such a way that the duality 
relations of equation (12.31) can be obtained from the equations of motion of the new 
action. Then the auxiliary fields in this new action may be integrated out and eliminated 
using their equations of motion. 

The first step is to translate the duality conditions ( 12. 3 p of the ten-dimensional fields into 
corresponding equations of the 4D fields. To do this, one needs the identity 

!,3 xy (co A rj) = (-l)^M A (* YV ) (4.1) 



* 



for a p-form uj on R 1 ' 3 and a q-form rj on Y, which follows from the block-diagonal form 
of the metric. Using this together with the expansions of eq. (12.101) one finds in the 4d 
Einstein frame 



dd {3)c - IC abc dB a A cj 3) 
dc a {3) - dB a A C(3 ) 
dc (3) 

d P(2)K 

dU a - JC aa/3 dB a A V? 

The abbreviations used were defined in section 12.21 Note that due to the fact that the 
background gauge fluxes are constant we have db a = dB a , and the combinations of fields 
above are exactly the combinations appearing in the bulk and Chern-Simons actions. 
Let us consider first the constraints involving the three-form fields in equations (14. 2 p 
to (I4.4p . Note that the three equations may be inserted into one another so that an 
equivalent system of constraints which is easier to implement is 

d (d (3 )« - JC abc B b c c {3) ) = 0, 

d (c( 3 ) — B a A C( 3 )) = 0, 

dc (3) = 0. (4.7) 



o. 




(4.2) 


0. 




(4.3) 


0. 




(4.4) 


6 <p , 




(4.5) 


2/C <t> „ 
— 7^e*G aP 


* 4 dV p . 


(4.6) 
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s = s„ 



rest 



We will now exemplify the dualization for the field d($) a but the results immediately 
carry over to the other two 3-form fields. The constraint has the form D^ a := dd^) a — 
fC abc dB b A = K abc B b dc c ^ and the part of the action containing the relevant fields may 
be written as 

S = S rest + J [g ab D (i)a A nD (4)b + h a D [i)a ] . (4.8) 

Here g ab , h a denote functions containing constants as well as possibly the scalars of the 
theory. We now add a total spacetime derivative term to the action as a Lagrangian 
multiplier. This gives the constraints as the equation of motion of v a , the constant dual 
to the three- form in D^ a (compare [15] and [TO]). 

+ J [g ah D {A)a A * 4 £(4)b + h a D {A)a + u a D {4)a - v a hC abc B b dc c {3) ] . (4.9) 

In this new action the constraints of (14. 7p arise as equations of motion rather than 
having to be imposed afterwards so we may eliminate D^ a from the action by inserting 
its equation of motion 

g ab * 4 D (4)b = 1— (4.10) 

(note the fact that * 4 * 4 Du\ a = —Du) a due to the Lorentzian signature of the metric). 
In the resulting action we see that v a plays the role of a cosmological constant and a 
potential for the scalar fields in g ab , h a is induced, 

S = S rest + j ^g ab (h a + u a ){h b + v b ) * 4 1 - v a JC abc B b dc c {3) . (4.11) 
Here g ab denotes the inverse matrix to g ab . 

There is another way to see that this action gives the correct dual description to the 
original action. The equation of motion of the three-form field d<i(3) a resulting from the 
original action (14. 8 p is 

d(2g ab * 4 (dd (3)6 - IC bcd dB c A c d {3) ) + h a ) = 0. (4.12) 



This is solved by introducing a constant v a and setting 

9 ab *4 (dd (3)6 - }C bcd dB c A cf 3) ) + y = -y. (4.13) 

Inserting the dualization condition we obtain the equation ^g a b(h b + ^ b ) = K, abc B b dc c {3 y 
which indeed also arises as the equation of motion of the action (14. lip . 

The next step is to eliminate the spacetime two-form p in favor of its dual scalar, £. 
This procedure is slightly more involved than the previous case of the three-forms. The 
problem lies in the fact that the duality relation of eq. (14. 5B is not compatible with the 
equation of motion of p. The part of the action containing p and £ has the form 



S — S res t — 2 



-e-iA KL H {3)I< A nH (3)i + J K A dp {2)K 

(4.14) 



+E e tA* L w wit a * A w wt + z*dj& + A dp {2)k 
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where J and J are one- and three-form source terms respectively, H,^ k = dp^ k is the 
field strength of the two-form and 



W (1 



6 

(1)K ~ £ 



(4.15) 



We have added the Lagrangian multiplier term \d^ K A dp, 2 -, k to the action to implement 
the duality constraint. The equation of motion for p from this action is 



K 



d —e-*A KL * A H 
12 



(3)L 



J 



K 



0, (4.16) 
W(i)# with W 7 ^)^- defined 



which is incompatible with the duality condition *4e 2 H^ k 
as in fl4TT5|) . 

The reason for this incompatibility lies in the fact that in the original ten-dimensional 
theory the duality relations would be implemented using an auxiliary field with the PST 
formalism, which was dropped for the purpose of compactifying the theory [22||4*6], To 
restore consistency, we need to shift the definition of the field strength W/^ k in the 
dualization condition to 



(4.17) 



In a similar manner the source term for £ forces us to alter the Bianchi identity of 



H, 



(3)K 



dp^ k , as the equation of motion of £ is 



, 1 ± 

d ( __ e2 nW(i)& + j k 



0. 



Hence we shift the 3-form field strength to 



H, 



(3)K 



d P(2)K + 2J , 



K ' 



(4.18) 



(4.19) 



We are now left with the action 



S 



q 

u rest - n 



2/?4 



£ftA KL H m A * A H m + ^A KL W (1)k A H { 



12 



(3)L 



Y-e^A KL W {l)k A * 4 W (1)£ - - A KL W m AJ L + t_ K dj k 
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(4.20) 



We see that we now have a consistent action in which the duality condition arises as the 
equation of motion of H^ k if we treat it as an independent field. We may now use this 
equation of motion to eliminate H and finally obtain the action of the physical degrees 
of freedom, 



S 



S. 



rest 



2k| 



^A ki &t k A * 4 d^ + X le^A kL di k A nJ l 



12 



+2 q K dJ k + -^e*A kt J K A * 4 J L - 2J K A J k 



(4.21) 
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Finally we need to eliminate the vector U a in favour of its magnetic dual, V a . To this 
aim let us rewrite the dualization condition of eq. (14. 6[) as 

e-t * 4 (dU a - K a p a db a A V p ) = e-$ * 4 F a = ^G^dV = ^G^F? (4.22) 

(note that * 4 * 4 F a = —F a ). 

Then the part of the action involving U a and V a and their field strengths F a , F a may 
be written as 

S = S rest -^J [^e-iG^F a A H Fp + ^G aP F a A H F^ 

+dU a AJ a + V a AJ a 
where the source currents are given by 

J a 



(4.23) 

(4.24) 
(4.25) 



We would now like to add a Lagrangian multiplier term -7^dU a A dV a to the action to 

implement the dualization constraint of (14. 6ft . However, the equation of motion of U a 
resulting from this action is 



3 

4 AT 



d( T^e-tG a/3 HF + J° 



-dV a 
2 



= 0, (4.26) 

while the equation of motion of V a together with the dualization condition gives 

d (P a + dU a ^ - K, afia dB a A F 13 — 2J a = 0. (4.27) 

From pi I4T25D we can read off that J a - Ki afia dB a A J 13 = dW a with 

W a = i (}C a0a M^^ I B a - £*aj) F. (4.28) 

We see that to achieve consistency of the equations of motion with the duality constraint 
we must shift the definitions of the field strengths in the kinetic terms and the dualization 
condition according to 



F a ->■ dV a - 2J C 



F a -> dU a - JC a0a dB a A V 13 + 2W a . 



(4.29) 



Now that we have a pseudo-action whose equations of motion are consistent with the 
dualization condition we may integrate out the magnetic vector U a and eliminate it from 
the action using its equation of motion. The resulting action is 



S 



S, 



rest 



2/?4 



-eiG a p (dV a - 2J a ) A * 4 {dV p - 2JP) 



+-lC aPa B a dV a A dV p + 2W a A {dV a - J° 



(4.30) 
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Finally we are in the position to read off the values of the sources and constants 
introduced in the dualization procedure and sum the different contributions to obtain 
the full action of the bulk and brane system in the Einstein frame, 



S 1 



1 



R * 1 + id0 A *d(j) + 2G KL dq K A *dq L + 2(G ab + ^^ L )dv a A *dv b 



+2e" t> G ab db a A *db b + -zpt~^U 1J (d$j A *d$j + M^Mfd® L A *d$ K 

4/C 



V£ x + 2 J K 



A * 



-2Mjd$i A *daj + da/ A *daj) + —e^A kL 
+^-e*G a( 3dV a A *dV p + l-JC a(3a B a dV a A dV? 
+-e^G a0 M I/3 ^ I dV a A*F + - (lC a p a M pI $ iB a - £*aj) dV a A F 

1 

+-e*V n+ F A*F + —e*G af) M Ia M Jfi <&j®iF A *F 
8 12 



vr + 2 j 1 



i 



i 



+ g (£ a/3a A^ J <I> 7 S a - Ciajj M aJ $jF A F --l 3 8 n^ K F A F + V S( 



(4.31) 



The source current J K arising from the dualization of the two-form p is given by 



J k = ~^Q Uk [$/d(aj - Mj-$ L ) - {a j - Mj'$ L )d$ / ] . 



(4.32) 



V sc is the potential for the scalar fields arising from the dualization of the 3-forms. Up 
to terms of second order in the brane fields it is given by 



1 (~\ 3 f 1 ^ 

4P (ic) ^ {2 Mla ® llCabcBbBC ~ ~ ^ + X J nl 

+^ (|) 3 e^G ab (C{ ai - JC acd M Ic B d ^ - K acd v c B d + Va ) 
x (Claj - lC be} M Je B f §j - IC bef u e B f + Vb ) * 4 1 

+ w e¥Gab ( Mlaq>1 + ^ ( MJb ® j + pb ) ■ 



(4.33) 



In the above A, r\ a and v a are constants arising, by the spelled-out procedure, from 
elimination of the original three-forms appearing in (14. 7p . 



Aoc {3) , Va^c a {3) , v a ^d {3)a 



(4.34) 



Note that in the action above the kinetic terms of the axionic scalars £ contain the 
gauge covariant derivatives 

(4.35) 



V^ = d^ + -<A 



K 
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The appearance of this covariant derivative is a manifestation of the Green-Schwarz 
mechanism for anomaly cancellation (reviewed for example in [2], [3] ) . It arises after 
dualization from the Green-Schwarz term in the Chern-Simons action which describes a 
linear coupling of the U(l) field strength to the spacetime two-form p. The bulk action 
has a set of shift symmetries 

+ c k , (4.36) 

which are gauged upon inclusion of a D6-brane, resulting in the covariant derivatives 
given above. As reviewed e.g. in [3], the non-gauge-invariant part of the Lagrangian 
obtained by gauging a shift symmetry of a Ramond-Ramond scalar fields appearing in 
the gauge kinetic functions (as is the case for the £ K ) exhibits exactly the right gauge 
transformation behavior to cancel the chiral anomalies. Note that this gauging also 
renders the brane U(l) massive in general, with the mass proportional to 

Akl44 = J A**"- (4.37) 



4.2 The effective action in supergravity form 

Any M = 1 supergravity theory involving a set of chiral matter multiplets and vector 
multiplets is completely specified by the Kahler potential, the gauge kinetic couplings 
and the superpotential [17} 148]. These can already be unambiguously determined from 
the bosonic part of the action, which takes the form 

S = — \ [ \r (4) * 1 + 2K Mf fdM M A *dM N + (Ref) & pF & A *F? 

+(Imf) & pF & AF? + 2(V F + V D ) * l] . (4.38) 

M M labels the bosonic components of the chiral multiplets while F a are the field strengths 
of the vector fields. K M fj = OmOj^K are the components of a Kahler metric, while the D- 
and F-term potentials may be computed from the superpotential W, the gauge coupling 
matrix and the Kahler covariant derivative DmW = 8mW + (8mK)W as 

V F = e K (K Mlt D M WDjfW - 3|W| 2 ) , V D = ^(Ref^f^Vp. (4.39) 

The gauge kinetic coupling matrix f & & is a holomorphic function of the complex scalars of 
the theory, while the superpotential is the bosonic part of a chiral superfield built out of 
the other superfields of the theory [49] . The indices a run over the values 0,1..., /if 13 (F), 
and F° = F. The F a , a ^ 0, therefore label the bulk U(l) fields from the Ramond- 
Ramond sector and F° refers to the brane U(l). 

Finally, the Dq are the Killing potentials of the gauged isometries of the target man- 
ifold [47J. They are defined (up to an additive Fayet-Iliopoulos constant) by the require- 
ment that 

K N mX¥ = id N V & , (4.40) 
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where X& is the Killing vector belonging to the gauged isometry. 

The first task is to identify the correct chiral coordinates M M in terms of which our 
action may be written in the form of (I4.38p . In the case of a IIA orientifold without 
a brane it has been shown in P3] that one part of the chiral spectrum consists of the 
complexified Kahler moduli, while the other fields are a combination of the complex 
structure moduli, the dilaton, and the scalar fields £ K from the reduction of the RR 
3-form. We will see that the complexified Kahler moduli remain good chiral coordinates 
even in the presence of a D6-brane (at least in the limit of small deviations from a 
supersymmetric background that we are considering), while the other coordinates are 
corrected by a term involving the brane fields. The chiral coordinates can be most easily 
read off from the gauge kinetic functions, so we turn to these first. 



4.2.1 The gauge kinetic functions, chiral coordinates and kinetic mixing 

The gauge kinetic matrix f & s can be immediately read off from the full action of eq. 
fl4.3ip . Its components are given by 



fa/3 = 




r~ % 


foa = 


K. <t> 




/oo — 


i i 


-e * 
8 




i 



— e 2 ( 
12 



K 



1 



JC aPa M J ^jB a - ClaA M Ia $! 



(4.41) 



Recall that the couplings Ai Ia and C T a have been defined in eq. f)3.26p . 

Using eq. (I2.26P and the fact that lC a = it is straightforward to rewrite the first 
line as 

(4.42) 



U = (B a + *e V) = % -K aPa t a . 



We see that just as in the case of a IIA orientifold without branes treated in [H] the 
kinetic matrix of the bulk U(l) gauge bosons is a linear function of the complexified 
Kahler moduli 



t a = B a + ie*v a . 



(4.43) 



To simplify the couplings of the bulk and brane field strengths we note that as they are 
the coefficients of terms of second order in derivatives we may replace B, J — )■ Bo, Jo in 
the expression for f Qa above. Then using (I2.22p . (13. 3p and (13 . 131) we find 



JC^aM^BZ 



1 

Is Jn 



L [l s JUJ a , 



A l*Bo + i*u a A M 3 H A U \ = M J H C H 



(4.44) 



By exactly the same reasoning 



e*v%]C a f) a M 



j0 



(4.45) 
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and hence 

f a0 = ~C J a [®j + i{aj- M/$j)] . (4.46) 

This shows that as we had anticipated the deformation and Wilson line moduli pair up 
into a chiral field given by 

Ul ■= $j +i (a/ - M/$j) . (4.47) 

Finally we come to the gauge coupling of the brane U(l). First of all we can use the 
argumentation of eq. (14.44)) to simplify the part of /oo involving and ay. Inserting 
the calibration condition (13.31) we can then write the volume of the cycle wrapped by the 
brane in terms of the periods of Q to obtain 



/oo = -ICiM^^j + iQjfa - M^ L )) - 
Following [H] we define the 4d dilaton D and the scale invariant variable l K by 



l k = e -*ei' K "- K '">e-'"Z f: = e- D e^ K "e-"z". (4.49) 

Here we used the explicit form of K KS given in (I2.27p . Note that due to the orientifold 
constraint e~ %t Z and hence also l K are real fields. Then we see that 

/oo = ~IXk N& ~ Y^ a M Ja uiUj (4.50) 



is a holomorphic function of the fields uj and the complex field iV^ defined by 



1 is f 7Tn f , , , , , , , , 

UlUj 



^1 MTTo 



(4.51) 



Here ||7To|| 2 = 71 ok^ KIj71 ol- Note that equation (14.451) and the symmetry of JCap imply 
that C I a M. Ja is symmetric under exchange of / and J. 

If we set the brane fields uj to zero we again recover the chiral field of ref. [H] (the 
conventions differ slightly as we are working with Einstein frame fields). 

To summarise, our analysis of the gauge kinetic function allowed us to deduce the 
form of the chiral superfields describing the Kahler moduli t a (cf. ( I4.43[) ) . the open string 
moduli Uj (cf. (I4.47P ) and the complex structure moduli N K (cf. ( I4.5ip ). In the limit 
of small fluctuations the inclusion of a D6-brane leads to a correction of the complex 
structure moduli but not of the Kahler moduli of the bulk. In the case of a D7-brane in 
type IIB considered in [10J this situation is exactly reversed. This was to be expected as 
the two cases are related by mirror symmetry, which exchanges the roles of Kahler and 
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complex structure moduli. Note that in this computation of the gauge kinetic function 
we have restricted ourselves to the tree-level contribution of the massless Kaluza-Klein 
modes. Taking into account also massive KK modes one obtains threshold corrections to 
the D6-brane gauge coupling [50], which however is beyond the scope of this paper. For 
recent advances in the computation of these one-loop corrections for the case of fractional 
D6-branes in toroidal orbifolds see [5"Tj . 

Before continuing with the analysis of the Kahler potential let us briefly comment on 
the mixing between the bulk and brane gauge fields encoded in (I4.46p . In deriving this 
result the were defined as the fluctuations around the vacuum position of the brane. 
In particular their vacuum expectation value vanishes by definition. In this analysis it is 
therefore not possible to establish the existence of kinetic mixing between bulk and brane 
U(l)s, the phenomenological implications of which have been recently considered in [52J. 
However, the Wilson line moduli ai may in principle develop a nonzero VEV (ay) ^ 0. 
The resulting Lagrangian term £ D (a/) F a A F does not contribute to the equations of 
motion but can give rise to observable consequences in the presence of a topologically 
non-trivial gauge field background [53]. In the presence of such gauge instantons the 
would-be shift symmetry of the axion ai is broken non-perturbatively. Furthermore note 
that the gauge kinetic function we found does imply an interaction between the brane and 
bulk Z7(l)s with the fluctuating fields encoded in and the Wilson lines. Interactions of 
this type are in principle amenable to light-shining-through-wall experiments. For recent 
discussions of the phenomenology of hidden Z7(l)s in similar contexts see e.g. [54T56J and 
references therein. 

4.2.2 The Kahler potential 

Now that we have identified the correct chiral variables of the theory the next step is 
to determine the Kahler potential. To do this we first have to rewrite the part of the 
Lagrangian C sc containing the kinetic terms of the scalar fields in terms of the complex 
combinations found in the previous section. A straightforward calculation shows that 

(^2G ab + dv a A *dv b + 2e~' t> G ab dB a A *dB b + ^d0 A *d0 

= 2e-^G ab dt a A *dt b + 2dD A *dD. (4.52) 

Using eq. (12.261) it is easy to check that e~^G ab is a Kahler metric arising from the Kahler 
potential 

K KS = - log(iei*/C) = 2D - 20. (4.53) 

Next we turn to the kinetic terms of the complex structure deformations and the 4d 
dilaton. Using Kodaira's formula (12. 7p we obtain for the variable l K introduced in (I4.49p 

dl* = -l k dD + ^(d q LK cs )l k dq L + e- D e^ Kcs d qL (e- ie Z k )dq L 

= -l k dD + e- D e^ Kcs e~ ie x k dq L - \(d q LK cs )l k dq L . (4.54) 
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Now we use the identities (1C.10I) . (1C.3I) and (1C.6j) of special Kahler geometry derived in 
Appendix [C] to simplify the contractions of the periods arising in 



4e 2D A Ri dl K A*dl L = 2dD A *dD + 2dD A *dKcs 

+^dK cs A *dK cs + 2G KL dq K A *dq L . (4.55) 

Note that the terms mixing the Kahler and complex structure moduli fields involving 
dKcs above are not reproduced in our dimensional reduction. The reason for this dis- 
crepancy presumably lies in the fact that we only worked to lowest order in the dimen- 
sional reduction of the curvature scalar of appendix El In evaluating the Christoffel 
symbols all indices were raised using the metric of the background complex structure. 
For example, there actually holds to linear order in 5z K 



5g ij = -9*9**59* 



(4.56) 



and hence 



--d»v a {u a )i - Uz L g a g k \b L ) Tk {b R ) kj d,z 



K 



(4.57) 



with bi as introduced in eq. (1A.4I) of appendix [A] This yields mixing terms oc dv a dz K 
as well as additional terms of the form oc dz K dz L in the curvature tensor which should 
lead to the terms dD A dKcs and dKcs A dKcs of equation (I4.55p . In the sequel we 
will assume that this is the case so that the part of the Lagrangian including the kinetic 
terms of the scalar fields encoded in eq. (14.311) may be written as 



2e^G ab dt a A *d? + Ae 2D A kL dl k A *dl L 



+4e 2D A 



KL 



V£ K + -Q IJK [utduj - Ul duj] 



A * 



V£ L + -Q IJL {Urdu j - u T du„ 



+ —e--*H IJ du I A *duj. (4.58) 
4/C 



To proceed with the evaluation of the Kahler potential requires more information 
about the integrals in (I3.23P and (I3.26p . It turns out that to find a Kahler potential 
reproducing the kinetic terms in the action we need to assume that 



Q 



UK 



-5 kL n ° L C 1 M Ja 



(4.59) 



One can then use the relation J^Qjki = i^ikh where J\ = g^ k Jik are the components of 
the complex structure on Y, as well as the definition of the A 1 in eq. (13.101) and the 
calibration condition ( 13. 31) to show that 



*n + A 1 



(4.60) 
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With the relations of special geometry of appendix ICl and the fact that J u+ t*(i s ia k ) A 
A J = due to the negative parity of the integrand we obtain 



2ie 2D F kL l K Q IJL 



-2e 2D A T>f l K Q IJL 



'■KL" 



—ie 



1D p -<t> e \(K cs -K KS ) 



IJL 



ie 



<, e 2D e ±(K cs -K KS ) e - 



l 3 s 



[1.1 



Q) A A J 



3e * 



n 



After inverting the definition (I4.49P of I using ( 1C.3|) to obtain 



-2D 



2il K T kL l L 



(4.61) 



(4.62) 



a straightforward calculation using ( 1C.80 shows that 



d lk D 
d lk d lt D 



2ie J- y-jl , 



2e 2D A 



kl- 



(4.63) 



It is now straightforward but tedious to use the chain rule and the various equalities 
presented above to check that the kinetic terms of eq. (14.580 may be written as 



C sc = 2dMd N KdN A *dM 

2K {atb dt a A *d? + 2K A 

+ARe{K Nku d Ul A *VN K ) + 2K ajUl d Ul A *duj 
with the Kahler potential given by 



K = -]oi 



3 



AD. 



(4.64) 



(4.65) 



Here \7N K = dN K + ^-n^A is the covariant derivative introduced in section H~T1 and the 

chiral fields N K associated with the complex structure moduli were defined in eq. (14.510 . 

Written in this way the Kahler potential is identical in form to the Kahler potential of 
a IIA orientifold without branes treated in [14J. The additional kinetic terms of the brane 
moduli are nevertheless reproduced due to the changed Jacobian factors resulting from 
the shifts of the chiral fields. This is because l K and hence D now has to be considered 
as a function of the iV^ and the uj. The same observation holds for D5- or D7-branes in 
IIB orientifolds [T0|[T3"]. In contrast to the case of the D7-brane in type IIB of ref. [10] it 
is possible to obtain an explicit expression for the Kahler potential as a function of the 
chiral fields: 



K 



-2 log 



2i J KL 



N K — N K + jQ ijk uju,j 



x 



N L - N~ L + tQ IJL 



UiUj 



log (|/c a6c (r - t a )(t b - t b )(t c - i c )) . 



(4.66) 
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As we have just shown the moduli space of the theory splits locally into a direct 
product of two factors, one parametrized by the complexified Kahler moduli and the 
other by the complex structure and D-brane moduli. This splitting is well known in the 
case without D-branes [14]. The fact that the splitting persists in our Kahler potential 
upon addition of a D6-brane and the corrections affect only the part of the moduli space 
describing the complex structure deformations is to be expected because we have worked 
in the limit of small 5t a and uj in imposing the calibration conditions of equation ( 13. 3 j) . 



4.2.3 The scalar potential 



Having determined the Kahler potential and the gauge kinetic functions of the sigma 
model target space our next task is to interpret the scalar potential. Let us first look at 
the D-term potential induced by the gauging of the Peccei-Quinn symmetries. The only 
charged scalars are the N K defined in (I4.5ip . whose covariant derivative reads 



VN 



K 



1 

2L 



(4.67) 



This immediately allows us to read off the corresponding Killing vector on the moduli 

space, 



X = — 7T, 



K 







2/ s "° dN*' 



(4.68) 



As no fields are charged under any of the other gauge fields V a this is the only Killing 
vector. The Killing potential is defined as the solution of [4"7] 



K MP X P = id M T>, 



(4.69) 



where M, P run over all chiral fields in the theory. As X nK is constant we find that up 
to a constant the Killing potential is given by 



D = -iX o RK K = —— e Ti n -rfrtl ■ 



2 1 

z 



'0 J KL 



(4.70) 



Note that D is real as J-fci is purely imaginary. Hence the D-term potential of (14.391) 
will be real. To find the contribution to the action given by equation ( I4.39P we need to 
find the (0,0)-component of the inverse of the real part of the gauge kinetic matrix 



Re/ 



(4.71) 



Letting K. al3 denote the inverse matrix to K a $ and using eq. ( 14.45P one can explicitly 
check that the inverse of this matrix is given by 



/ 



(Re/)" 1 



Z 3 7T -l K 



Z 3 7T -l K 



(4.72) 



V -J^^ Ia ^ -to-**?* + &r^M Ia M jp *i*J J 
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Plugging the above into (I4.39P we obtain the Fayet-Iliopoulos D-term potential 



Vd IIV 6 4/ no Re( e -»SJ) ' 

This is the well-known form of the D-term potential of a D6-brane that has already been 
obtained in [63] (see also e.g. [HE]). It measures the deviation from the calibration con- 
dition which states that the cycle wrapped by the brane must be volume minimizing, i.e. 
i*e~ ie VL oc dvol|3 or in other words Im(e fi|n ) = 0. It is important to keep in mind that 
we have used this calibration in our derivation of the effective action. Thus the scalar 
potential ( I4.73P is not reproduced directly by straightforward dimensional reduction, but 
only indirectly via the formalism of gauged supergravity applied here. 



The next step would be to recast the scalar potential V sc obtained in eq. fj4.33j) by 
dimensional reduction in the form of an F-term potential as given in (I4.39p . However, 
this turns out to be problematic as V sc contains terms mixing the Kahler structure moduli 
with the brane moduli. In finding the chiral coordinates it/ defined in ( I4.47|) involving 
the brane fields and deriving the part of the Kahler potential depending on them, we 
have used the calibration condition i*B = = l*J. To be able to write V sc as a consis- 
tent F-term we therefore have to evaluate V sc with B, J replaced by the supersymmetric 
reference values B , J satisfying (13.101) and (I4.44p . These are by definition the values 
for which the brane moduli are unobstructed, so that in this approximation the super- 
potential is independent of the brane moduli. 

To derive a possible F-term potential for the brane moduli by dimensional reduction 
we would need to find a formulation for the M = 1 moduli space that allows the brane 
and Kahler moduli to be treated together. This is possible in the context of relative 
cohomology groups [T71I321I33] Fl However, as argued in ref. [M], the superpotential of the 
brane moduli may actually receive non-vanishing contributions only non-perturbatively 
and the classical superpotential vanishes identically. The non-perturbative contributions 
arise as disk instantons whose boundaries form non-trivial one-cycles on the special La- 
grangian cycle n [4^,[65T467j . 

Let us now take a closer look at the scalar potential f)4.74p evaluated for the F-flat 
configuration in which we performed our dimensional reduction. From what we said 
above it reduces to 

V sc = I ^(^) 3 e2G afc (r ?a -/C ac Xi3 d )(%-/C fee/ ^)*4l 

+^)V"(A - Va B a ) 2 n 1 + ^eI*G^V * 4 1 (4.74) 

and depends on the Kahler structure moduli t a as well as the dualization constants 
\,u a ,r] a of eq. (14.341) . First we stress again that the Kahler moduli should be viewed 
as fixed at the F-flat value consistent with the calibration condition and are thus not 

5 For recent advances in the computation of brane superpotentials using various techniques see e.g. 

[5ZHS2]. 
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to be treated dynamically in this potential. On the other hand, if we re-interpret the 
dualization constants A, v a , r] a as dynamical fields, the positive definite V sc is minimised at 
A = r] a = v a = 0. Since the dualisation constants were introduced as extra parameters in 
the dualisation procedure it is reassuring that going "on-shell" effectively removes these 
unphysical degrees of freedom. 

Finally we make the following amusing observation: The scalar potential (14.741) follows 
as the F-term potential derived from a formal superpotential W = W(t a ) that is treated 
as a function of the Kahler moduli only. To see this we recall from ref. [2] that Kg = 4D 
obeys a no-scale condition 

(K Q UKf^(K Q ) nL =A, (4.75) 

where the n K are obtained from our chiral fields N K by setting the brane fields to zero. 
As Kq depends on N K and uj only through n K and (14.751) is invariant under a change of 
coordinates of the target space we find that the no-scale condition still holds in the new 
coordinate system. Therefore taking a superpotential dependent only on the complexified 
Kahler moduli W = W(t a ) the resulting F-term has the form 

V F = e KKS e iD (\W\ 2 + DtaWDpW^ . (4.76) 

It is straightforward to check that in terms of the formal inverse K ab of K ab the inverse 
metric on the space of Kahler structure deformations is given by e^G ab = 2e^v a v b — 
^e^)C)C ab and therefore there holds 

1C a G ab lC b = Ui 2 . (4.77) 

With these identities one may check by direct calculation that the scalar potential of eq. 
( I4.74p results from the superpotential (cf. [T4"] ) 

W = y\ + jr) a t a + jK, abc v a t h t c . (4.78) 

It may be written in terms of the (string frame) complexified Kahler form J c = (B a + 

ie^v a )co a = t a uj a as 

W = y\ + ^r) a [ u a AJ c + [ u a A J c A J c . (4.79) 
h t s Jy Jy 

The fact that we were indeed able to rewrite the scalar potential obtained by dimensional 
reduction as an F-term potential as required by the general form of M = 1 supergravity 
is a satisfying consistency check of our calculation. Note that the dualization of the 
auxiliary non-dynamical 3-forms has led to a superpotential that formally is the same 
expression that was derived in [H] by switching on fluxes for the field strengths of the 
RR 1- and 3-forms. 
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4.2.4 Scalar potentials by dimensional reduction 

As stressed several times, in our calculation of the effective action we have restricted 
ourselves to the true moduli fields, i.e. fields describing deformations of the brane and 
the ambient space that respect M = 1 supersymmetry. These supersymmetry conditions 
for the embedding of the D6-brane were obtained by requiring that the supersymmetry 
transformation of the fermionic fields on the brane can be cancelled by a kappa-symmetry 
transformation of the world-volume theory. From the four-dimensional point of view, we 
would expect the supersymmetry conditions to arise as equations specifying the flat 
directions of an effective potential. This potential renders the non-supersymmetric de- 
formations massive. 

An example of such a potential term is given by the D-term potential of equation 
(14 .73 p . The minima of this potential are 3-cycles calibrated by e~ ld e^ Kcs ~ KKS ^^l. This 
should of course be read as a constraint on the deformations of both the bulk complex 
structure and the 3-cycle, and the true moduli of the theory parametrize the flat direc- 
tions of this potential. 

The second set of supersymmetry conditions of eq. (13.31) require the cycle wrapped by 
the brane to be Lagrangian with respect to the bulk Kahler form and the gauge connec- 
tion on it to be flat. In a similar manner to the D-term condition mentioned above, one 
expects these conditions to arise from a corresponding potential term. These conditions 
are F-term conditions arising from a holomorphic superpotential W by the requirement 
= Fi = |^ [66], as can be seen by looking directly at the supersymmetry transforma- 
tions of the fermionic fields [68] . 

It is not hard to find a candidate superpotential reproducing the conditions mentioned 
above [68|f69] . Let us introduce the notation F = k-f — l*B^> with / the a priori uncon- 
strained gauge flux along the brane. Choosing a fixed reference cycle Ho and a 4-chain 
T with boundary dT = II — II , a possible superpotential is given up to an additive and 
a multiplicative constant (which clearly do not affect the resulting F-term condition) by 



Here F is an extension of F to all of T satisfying J^rio — Fq and F\n = F while J is the 
Kahler form of the bulk. This function does not depend on the choice of the chain within 
a certain homology class. Choosing homologically different chains results in the addition 
of periods to W, which do not affect the resulting F-term conditions. The variation of 
this superpotential as we go from the cycle II to an infinitesimally displaced cycle IT' 
obtained by following the flow of a normal vector field v for a distance e is given by [69] 



Similarly one can easily calculate the result of varying the [/(l)-connection according to 
A — > A + a with a one-form a. The fact that a and v were arbitrary show that the critical 
points of the potential are given by Lagrangian cycles and flat gauge bundles on them, 
i.e. 




(4.80) 





J\ u = = F. 



(4.82) 
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As pointed in [68], this can be extended to branes wrapped on cycles of other odd 
dimensions in type IIA theory with the general form of the superpotential given by 



T is of course an even- dimensional chain linking the wrapped cycle to a fixed reference 
cycle, as discussed above. In the mirror symmetric type IIB theory, the BPS D-branes 
are even- dimensional and the corresponding superpotential is obtained by replacing e lJ 
with Q in eq. (Q51> PIES]. 

Note that while the functional of eq. ( I4.83P gives the correct critical points we have not 
been able to derive it by dimensional reduction. This is also true for the D-term potential 
of eq. (14.731) . which we obtained from the Killing vector of a gauged target space isometry 
rather than by direct dimensional reduction. This is of course not surprising since in our 
evaluation of the brane action we have limited ourselves to the moduli fields respecting 
the supersymmetry condition. It would be interesting to perform a dimensional reduction 
while allowing general deformations of the brane and the gauge field configuration and to 
evaluate the resulting superpotential. This would give a direct check of the superpotential 
mentioned above, which is obtained from more general considerations, and would give 
an explicit realization of the moduli space of the theory as the zero potential locus in the 
general field space. However, this approach immediately faces the challenge that the space 
of infinitesimal deformations of a 3-cycle with associated U(l) connection is isomorphic 
to Q (II; R) (g) fl (II; R) [69], and is therefore infinite dimensional. This means that we 
have no means of describing these general deformations in terms of a finite number of 
effective four-dimensional fields. 

One might hope to at least obtain a potential for the Kahler and complex structure 
moduli by dimensional reduction given a fixed brane and gauge field configuration Ilo, 
J"o- However, this requires being able to express the pullback of the metric in the Dirac- 
Born-Infeld action in terms of the pullbacks of the Kahler form and the holomorphic 
(3,0)-form Q. This is difficult to do in general due to the fact that the relationships 
between the components of the metric and for example the Kahler form can be given 
directly only in complex coordinates, which do not exist on the 3-dimensional cycle. This 
is different for example in the case of a D7-brane in a type IIB compactification, where 
the cycle wrapped by the brane is 4-dimensional and inherits complex coordinates from 
the Calabi-Yau bulk. In this case the DBI action can be directly evaluated in terms of the 
Kahler form, as is performed for example in the appendix of [70]. Of course, in explicit 
realizations of the theory where the coordinates of the bulk are known the pullback can 
also be evaluated directly. This is for example carried out for the case of a D6-brane in 
a T6 orbifold in [7T] . 

5 Summary and Conclusion 

In this paper we have evaluated the low-energy effective action of a spacetime-filling D6- 
brane supersymmetrically embedded in a generic type IIA orientifold. To this end we have 
performed a Kaluza-Klein compactification of the ten-dimensional type IIA supergravity 




(4.83) 
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in the democratic formulation of ref. [16] as well as of the Dirac-Born-Infeld and Chern- 
Simons actions governing the dynamics of the D6-brane. The resulting action has been 
rewritten in the standard form of JV = 1 supergravity so that the Kahler potential, 
the gauge kinetic coupling functions and the superpotential can be extracted. In this 
analysis we have worked in the limit of small deformations of the brane and the bulk 
Kahler structure moduli. This analysis could in principle be extended to higher orders 
in these deformations using the theory of relative cohomology [T7] . 

As has been anticipated for example in ref. [HZ], we have found that the moduli 
parametrizing the deformations of the brane and the Wilson line moduli pair up to form 
the bosonic part of a chiral superfield. The complex structure variables of the bulk theory 
obtained in jTJ] are corrected by terms involving the brane moduli. At least in the limit 
of small deformations mentioned above, the Kahler metric maintains the block- diagonal 
form observed in the case without a D6-brane. 

To summarise our main findings, the Kahler coordinates of the target space of the 
four-dimensional theory are given by 

t a = b a - S-f a + ie*v a , 
2tt 

uj = ^! + i(ai- Mj^j), 



s po|| 



Here b a , v a and £ are the moduli of the Kalb-Ramond field, the Kahler form and the 
Ramond-Ramond 3-form, while l K encodes the complex structure deformations. The 
brane excitations are encoded in the deformation moduli <£>/, the Wilson line moduli are 
denoted by a\ and the gauge flux quanta are parametrised by f a . The Kahler potential 
can be given explicitly in terms of these coordinates as 

K = -2 log U-Fkl [ N * ~N k + IQ^ujUj] x [n l - N L + {Q'^ujUjj ) 

- log (lJC abc (t a - i a )(t b - i b )(t c - i c )) . 

The addition of the D6-brane to the theory gauges the Peccei-Quinn shift symmetry 
of the axionic scalars £ K . We have evaluated the resulting D-term potential in eq. (I4.73P 
and confirmed that it enforces the calibration condition requiring the cycle wrapped 
by the brane to minimize the volume. In this note we have not turned on background 
fluxes. However, we have included non-dynamical 3-forms in the Kaluza-Klein reduction. 
Upon rewriting the action in terms of the constants dual to these 3-forms we have found 
that for non-zero constants a superpotential is induced which is formally identical to the 
superpotential found in ref. |14j by turning on background fluxes for the field strengths of 
the RR 1- and 3-forms. The dualization constants are fixed at zero on-shell by minimizing 
this potential. 

The gauge coupling function of the U(l) gauge theory on the world- volume of the 
D6-brane is computed in section 14.2.11 We find 

Re/ = \e-iv n+ + ^G aP M Ia M J ^^j. (5.1) 
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Note that the parametrize deformations away from the vacuum configuration of the 
brane and so by definition have vanishing vaccum expectation value in the F-flat configu- 
ration. This means that as expected the gauge coupling strength of the four- dimensional 
U(l) gauge theory is controlled by Vfi + , the volume of the brane cycle measured in the 
Einstein frame. We have also commented on kinetic mixing between bulk and brane gauge 
fields which has recently been shown to have interesting phenomenological implications. 

As the necessary conditions for a supersymmetric embedding of the brane depend on 
the moduli of the bulk theory, it is clear that the brane moduli cannot generally be treated 
independently. Rather, one should consider a total moduli space parametrized by all of 
the moduli together. This problem has been tackled in the setting of type IIB orientifolds 
in [T7] using the concepts of relative cohomology and variation of mixed Hodge structure. 
While a thorough treatment is beyond the scope of this note, we remark that a similar 
approach should be pursued in the type IIA setting to consistently treat the combined 
M = 1 moduli space. We expect that such a treatment will correct the Kahler potential 
and that the block-diagonal form of the metric on the moduli space holds only locally. 
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A Reduction of the curvature scalar 

The Einstein-Hilbert term of the 10- dimensional supergravity action in the string frame 
has the form 



g mn ->• C- 2 g mn => V^C D - 2 R V^(R+ (D - 1)(D - 2)(0 m (log C)) 2 ) (A.2) 



with C = e * and D = 10 we obtain this action in the Einstein-frame where the Einstein- 
Hilbert term is canonically normalized. 



The term involving the dilaton <ft can be combined with the (Weyl-rescaled) kinetic dilaton 
term from the supergravity action (j2.15p . we will leave it out from now on and focus only 
on the reduction of the curvature scalar. 




(A.l) 



Using the general Weyl-rescaling formula in D dimension 




(A.3) 
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Using equations (12. 5p and (12. 6p it is straightforward to find the Christoffel symbols up 
to first order in the moduli fields (i.e. indices are raised using g\o). In the following we 
will use the Einstein frame Kahler moduli such that (12 .5p remains unchanged. They are 
related to the string frame fields by e2y% = v^. Note that eq. (I2.6P still holds after 

rescaling the metric, as the same factors of appear on both sides of the equation when 
rewriting it in terms of the rescaled metric. From now on all indices will be raised and 
lowered using the rescaled metric. In complex coordinates = yi + iyi +3 ; j = 1,2,3 
the nonvanishing Christoffel symbols are the purely 4-dimensional ones and 

rg = -fa^(M;; = rJ rg = f^Kk 

r % = -&v a {u a ) fk g lk VK = -iS/y^ (A.4) 



In the above (frx)^ = wm^^ix^kij- Due to the fact that all Christoffel symbols 
with one internal and two external indices vanish the entries of the Riemann curvature 
tensor with only external indices agree with the 4-dimensional curvature tensor: R^ pT = 
(R^)^ pr . However this is not true for the part involving internal indices, where we get 

f>m _ ( r>(Y)\m , pm p/i _ pmr/i ( A c\ 

L npr V L lnpr ' p,p nr /xr np' \ U J 

Using the symmetries of the Riemann tensor and the metric as well as the fact that Y is 
Ricci-flat we obtain 

R = flW + Ag^R^ u + g mn {T^ mn - T^ mr ). (A.6) 

Explicitly evaluating the above using the Christoffel symbols it is possible to show that 
up to a total 4-dimensional derivative (which is what we mean by "=" ) we obtain 

R [i) - \{d,z K ){d^z L ){b K ) Tj {b L ) ijg ^g^ 



V 7 - det gR = y/- det. 



(A.7) 



To write the metric on the Kahler structure moduli space in a concise manner we will 
need several identities. First of all we may use the fact that the harmonicity of u a implies 
that d m ((co a ) i jg l i) = and so (u a )gg % ^ is a constant on Y. With this and the identities 

e ijk ^ k = 251 ^e lmk = 25% = 5\5f - 5]5? (A.8) 

9ii9fi9ia£z % A dzJ A dzk = 9iWfj9hk eVk ^ z = \f9^Tfk^z (A.9) 

it is straightforward to show that = (w a )j^ 13 . For an arbitrary (l,l)-form i] on Y 
we then get 

v A (- J A u a + | ^ J A J) = (A.10) 
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or (note that u a is real, so u l J = uj a 



3 JC a T 



(All) 



The relation between the integration measures is d 6 y = — id 6 z = — id 3 zd 3 z, which 
can be used together with (IA.9I) to obtain 



/C, 



«6 



1 



CO a A W A J 



and 



d 6 yy/det g<r)(b K ) rj (b L f j = 
Finally defining the metrics 



y- 



J Y Xk A Xl 



Y 



G 



ab 



u a A * Y UJb 



Y JY 



G 



KL 



\AA1\ 3 / /C a fe _ 3 /C a /C 
~2 ~ 2 /C 2 



we may perform the integrals over the internal space to get 



(A.12) 
(A.13) 

(A.14) 
(A.15) 



S f 



-V / [V Y R {A) * 4 1 - (2VyG ao + l% ab ) dv a A * 4 dt; b 

K 10 JR(L3) 



+2V Y G KL dz K A dz L ] 



(A.16) 



Note that in this expression the rescaling of the 4-dimensional metric of eq. (12.181) , which 
introduces further kinetic terms for the Kahler structure moduli via (1A.2|) . has not yet 
been carried out. 

As explained in section 12.11 in the orientifolded theory the z K are no longer arbitrary 
complex fields. The allowed metric fluctuations are parametrized by the real fields q K 
satisfying either z = iq K or just z K = q . In either case dq K d q K = dz K d z K restricted to 
Ai^f =1 . Kodaira's formula may be used to show that the metric on the complex structure 
moduli space is a Kahler metric 



G K l = -9 z k8 s l k>£ 



(A.17) 



Hence we see that restricted to Ai^f S =1 we get Gxidz K A dz L = GxLdq K A dq 1 
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B Pullback to the brane world-volume 



In the course of the reduction of the Dirac-Born-Infeld and Chern-Simons actions it is 
necessary to compute the pullbacks onto the brane world-volume of the bulk Ramond- 
Ramond-forms as well as the metric. These pullbacks encode the couplings of the bulk 
fields to the displacement moduli of the brane. 

For small fluctuations around the rest position of the brane and mirror brane system, 
described by the canonically embedded world-volume 

R 1 ' 3 X n + = W4M = R 1 3 x Y, (B.l) 

the fluctuations may be written in terms of a section $ of the normal bundle as described 
in section 13.21 The normal bundle of W in M. can of course be identified with the 
normal bundle NU + of n + in Y, and we will therefore use the symbol exp to denote the 
exponential map on either of these spaces. 

As Y and therefore also the closed subset H+ are compact there exists 5 > such that 
exp p is is well-defined on Bg(0) C N P H + for all p G 11+ . In fact, the tubular neighborhood 
theorem guarantees the existence of a neighborhood V of the zero section in NU + such 
that Bg(0) C V fl N p Il + Vp G H+ and exp is a diffeomorphism from V onto an open 
neighborhood U of U + in Y. Here and in the following the metric on the normal space of 
Il + is of course induced by the metric of the ambient space Y. We assume the fluctuations 
to be sufficiently small such that the position of the fluctuating brane may be given as 
W$ = exp$(W), with 

exp„(p) := exp p (|$(p)) Vp G W, (B.2) 

in particular we assume || ^f<&\\ = H^^/s^H < S on W. 

We could now proceed to explicitly evaluate the pullback of a tensor field in this 
chosen tubular coordinate system. In the case of the metric it does indeed turn out to 
be necessary to go into local coordinates, however for the pullbacks of differential forms 
we will follow an equivalent but less index-laden method using the Lie derivative. To do 
this we note that every point in U is connected by a unique geodesic to its basepoint 
on n + . We may therefore extend $ to a vector field on all of U by parallel transport 
along these geodesies. Let a be the local flow of this vector field, which for any point 
(x,p) G R 1,3 x U obeys 

a(t,(x,p)) = l ^ I (x)s I (a(t,(x,p))), a(0, (x,p)) = (x,p). (B.3) 

The curves a(t,(x,p)) for (x,p) G W are exactly the geodesies exp (t^$(x,p)), as by 
definition geodesies are those curves with the property that they are parallel along them- 
selves, i.e. that their tangent vector at a given point is equal to the parallel transport of 
the initial tangent vector along the curve. With at = a(t, ■) we see that for a covariant 
tensor field T on Y 

expl T = (ax o l)*T = L*a\T. (B.4) 

On the other hand, the pullback along the flow of a vector field is given as the exponential 
of the Lie derivative along that field, so we obtain up to second order in derivatives 

expj T = t*T + l*Ci^T + -i*Cu^Cu^T + ... (B.5) 
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Consider first the case of the metric. Using the coordinate expression for the Lie derivative 
given by 

{C v g)ij = v k g ijtk + v*g k j + v^g ik (B.6) 

one obtains a rather lengthy expression involving numerous derivatives of g as well as $, 
which may be simplified by using the following facts. 

Let a, b denote directions along the brane while m, n are normal to the brane. The basis 
of TY at a point (x a , y m ^ 0) in the tubular neighborhood but not on the brane is defined 
by parallel transporting the basis of tangent vectors at the base point (x a ,0) along the 
geodesic defining the tubular coordinates. As the Levi-Civita connection is metric and 
so scalar products of vectors are invariant under parallel transport all the terms with 
derivatives of either the metric or the components of $ along normal directions vanish. 
Also, the orthogonality of the normal and tangent spaces immediately gives g ma = 0. 
This simplifies the pullback of the metric to: 

P*g sf := ex V %g sf 
I 2 

= i*g sf + -^g s r i n d a ^ m d b ^ n dx a ® dx b 

— t^^Vuu^ ® + e^gfAx 1 <g> dx j 
72 

+~e*g E (s I , s^d^rd^jdx^ ® dx v 

+ l ^<b I d^ J gZ n {s I ) m b {s J ) n {dx» ® dx b + dx b (8) dx^) 

+ |$ / $ J ^ n (/)™( S J )^ ® dx\ (B.7) 

where we have moved to the Einstein frame by rescaling the metric as in equations ( 12.161) 
and flZTgp. 

Apart from the metric all the other objects to be pulled back to the brane world- 
volume are (at least the internal part) closed differential forms. This is where the Lie 
derivative formalism is advantageous, because we may use Cartans formula for the Lie 
derivative of a differential form 

C v uj = (di v + i v d)u (B.8) 

and see that it reduces to diq> on closed forms. We are interested specifically in forms 
which may be written as T = u A 77, with uj a form on R 1 ' 3 and 77 a closed form on Y. 
For such a form 77 there holds 

£ lf(S> ri = di^^r] 

= |d($/V77) 

= |d$ 7 A i s ii] + !$ / d(v7/'), (B.9) 



41 



Note that i*d(i s ir]) is an exact form on n + , and any term that can be written as the 
wedge product of a form on 4d spacetime wedged with such an exact form will vanish 
when we integrate over the internal part of the brane world-volume. Hence such terms in 
the pullback may be dropped. The only case where we may not do this is for the Kalb- 
Ramond field in the DBI-action, where it appears in the determinant and not simply 
wedged with a closed form. Note as well that e.g. L*d(i$r)) is not an exact form on n + 
due to the ^-dependence in $. Keeping only the terms on the pullback which do not give 
a vanishing integral over n + by the considerations above we finally obtain 

1 I 2 

exp^T = uj A L*r] + —u A d$/ A L*i s i7] + —ui A d$/ A d$j A i*{i s ji s irj) 

2 8 

I 2 

+|$ ; wAd$jAt*(vdvf/)- (B.IO) 

We have also used the fact that the normal vector fields obey [s 1 , s J ] = and hence 
i s jdi s ir] = igidigjf]. 

For the expansion of the determinant we also give the pullback of the Kalb-Ramond 
two- form in normal coordinates obtained using the coordinate expression (IB. 61) : 

(exp^B) = £d li $ I d v Q J B(s I ,s J )dx>'®<lx v 

2 * 4 

+ l ^d^ I (i s iB) a (dx a ® dx" + dx" ® dx a ) 
I 2 

+^ I (s I ) m d^ J (i s jB) a;m (dx" ® dx a - dx a ® dx") 

Z o 



+% I ^jB mn {s I ) m a {s J )l ) j dx a ® dx 6 . (B.li; 



C Special geometry of the J\f = 2 moduli space 

It is well-known that the M = 2 complex structure moduli space Ai is a so-called special 
Kahler manifold, so that the entire information about the geometry of this space is en- 
coded in a holomorphic prepotential [73H76] . In the following we will present a collection 
of identities arising from this special geometry which are necessary to rewrite the kinetic 
terms of the action in supergravity form. 

A special Kahler manifold Ai is a Hodge-Kahler manifold with a line bundle C, a sym- 
plectic vector bundle H over hA and a holomorphic section Q(z) of £ such that in terms 
of the symplectic product (., .) there holds 

K cs = - log(i (n, (fi, 8 z k9) = 0. (C.l) 

In our case W = H 3 (Y) and the symplectic product is given by (a, (3) = jg J y a A 
while Q is the holomorphic (3, 0)-form. As before the Kahler covariant derivatives of Q 
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are xk = O z kVL + 8 z kKcs^, which can be written in terms of their periods as 

Sl = Z k a k -T k P*\ XK = XK a L -x KL (3 L . (C.2) 

It can be shown that the constraints imposed on the metric by the special geometry 
imply the existence of a complex symmetric matrix Af k i satisfying 

?k = M kl Z l - Xkk = J^klXk; (lmN) kL Z k Z L = -\e~ Kcs . (C.3) 

Defining the h 3 (Y) x h 3 (Y) matrices 

-L 



fi=<™> t K = K *° ; h ki = ^ K = K ^ } (C.4) 

> Z L , if = I I T h K = < 



Af can be explicitly written as 



*kL = h k M{r l )fi (C5) 



while (1C.3|) may be used to rewrite (IC.1I) as 

G iX = -2e^ s xf l^Ktxb Z k lmN kLXK ~ = 0- (G.6) 

The two sets of periods of Q are not independent, in fact if we assume that the Jacobian 
matrix 8 z k{^) is invertible the condition (O, 8 z kQ) = can be used to show that the 

holomorphic prepotential T = \Z K fF k satisfies 

T k = d zk T- T kl Z l = {d zit d zi T)Z L = T k . (C.7) 

The prepotential is a homogenous function of degree two, hence T k i does not depend 
on Z. 

We may also rewrite Af in terms of the periods and the (symmetric) matrix fF k * L as 

This equation is most easily checked by multiplying both sides with the (invertible) 
matrix and using the previous relations. Finally, one can use the fact that *Q = —iQ 
to write the matrix A k ^ of eq. (I2.29P in terms of the periods. The result is [T4"}IT7] 

A kL = -lmN kt - (ReA/"(Inx/V) _1 ReA/') kij . (C.9) 

Let us now turn to the case of the restricted moduli space obtained after performing 
the orientifold projection. In this case (12 . 1 3[) shows that e~ l6 Z is real while e J- k is 

purely imaginary. It follows that e~ ie Xx is rea l while g~ i9 Xkk * s P urer y imaginary, such 
that Af turns out to be purely imaginary. Hence (1C.9|) simplifies to 

A kL = -lmN kt . (CIO) 

Similarly eq. (lC.7j) and the orientifold conditions (12 . 1 3[) show that T k i is purely imag- 
inary. In the orientifold case the complex structure Kahler potential becomes a simple 
function of the prepotential 
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